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Topological relationships between spatio-temporal 
objects are the most fundamental elements in spa-
tio-temporal database systems, GIS, and image data-
base systems. The research issue of modeling topolo-
gical relationships has increasingly attracted attention, 
especially for querying of spatio-temporal objects and 
reasoning of topological relationships. Currently, to-
pological relationship operating on spatio-temporal 
objects with precisely defined boundaries has been 
well studied. However, in the real world, spatio-tem-
poral objects are not always crisp but with the nature 
of fuzziness and imprecision. Therefore, how to model 
topological relationship between fuzzy spatio-tem-
poral objects is a significant topic and needs more in-
vestigations. This paper presents a study on modeling 
topological relationships between fuzzy spatio-tem-
poral objects. Firstly, we give a model of fuzzy spa-
tio-temporal objects in three-dimensional space and 
define those objects as moving fuzzy points, moving 
fuzzy lines, and moving fuzzy regions. On this basis, 
we propose a model for identifying basic topological 
relations between fuzzy spatio-temporal objects. Fur-
thermore, in order to describe the evolution of basic 
topological relations over time, we give a model of 
complex topological relationships which are the se-
quences of basic relationships. The benefit of this 
model is that the complex topological relationships 
can be used as fuzzy spatio-temporal query operators 
in query languages. Finally, we provide some query 
examples to demonstrate fuzzy spatio-temporal que- 
ries in spatio-temporal database.
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1. Introduction
In the real world, time and space are closely re-
lated. By combining these two phenomena, an 
important research domain called spatio-tem-
poral modeling emerges. Currently, modeling 
crisp spatio-temporal objects and their topolo-
gical relationships is a topic of great importance 
and interest in the area of Geographical Informa- 
tion Systems (GIS), spatio-temporal database 
systems, Artificial Intelligence (AI), image 
database systems, and robotics [1]. Particularly, 
spatio-temporal topological relationships have 
been proved to be very important in these ap-
plications [2] because they can be employed to 
construct spatio-temporal database and support 
queries of spatio-temporal objects [3].
In modeling crisp spatio-temporal objects, two 
common approaches have been widely used: 
discrete model [4], [5], [6], [7] and continuous 
model [2], [8], [9]. The discrete model con-
siders time as the third geometric dimension 
and represents discrete changes of spatial ob-
jects over time, while the continuous model 
represents continuous changes of spatial ob-
jects over time. Also, some approaches of mod-
eling topological relationships between spa-
tio-temporal objects have been proposed such 
as event-based method [10], an algebraic model 
[2], and space-time combination method [1]. All 
the approaches are based on the assumption that 
spatio-temporal objects have crisp boundaries 
and their positions can be accurately measured.
In fact, in the real world, spatio-temporal ob-
jects are not always crisp but with the nature 
of fuzziness and imprecision [11]. When spa-
tio-temporal objects are fuzzy, the issue of fuzzy 
topological relationships emerges [12]. In met-
eorological system, for example, the bounda- 
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ries of a foggy region and a windy region are 
fuzzy concepts and their positions change over 
time. A foggy region is disjoint with a windy 
region at the beginning, and later the fuzzy 
boundaries of the two regions meet, and finally 
the two regions are disjoint again. During this 
period, the topological relationships between 
both regions can be described as an evolution of 
basic topological relations (disjoint, fuzzy meet, 
and disjoint) over time. As a result, the issue 
of modeling topological relationships between 
fuzzy spatio-temporal objects should include 
two problems: (i) modeling fuzzy spatio-tem-
poral objects and (ii) modeling their topological 
relationships.
Currently, several efforts have been made for 
the representation of fuzzy spatio-temporal ob-
jects such as [13], [14], [15]. The approach in 
[13] focuses on a discrete change of the fuzzy 
region over time, but does not represent the 
continuous changes. In [14], a moving vague 
"Egg/Yolk" region is presented. The two ap-
proaches are limited to fuzzy region objects 
and do not take fuzzy point objects and fuzzy 
line objects into account. In [15], the authors 
only discuss spatio-temporal indeterminacy of 
moving fuzzy point objects. Temporal changes 
of fuzzy line and fuzzy region are missing. At 
the same time, in order to model fuzzy topo-
logical relationships between fuzzy spatio-tem- 
poral objects, some efficient approaches have 
been proposed, mainly including fuzzy set 
theory-based methods [15], [16], rough set 
theory-based method [17], point-set topo- 
logy [13], motion-based approaches [14], [18], 
[19], and dimensional-extended method [20], 
[21]. For example, in [17], the authors propose 
a method to model spatio-temporal topological 
relationships based on rough set theory. In [19], 
the authors propose an approach for modeling 
spatio-temporal relations based on fuzzy logic. 
In reality, however, the described methods do 
not represent continuous change of these rela-
tionships. In [20], by extending the two-dimen-
sional Egg/Yolk model into three-dimensional 
space, the authors obtain 92 spatio-temporal 
topological relations between fuzzy spatio-tem- 
poral regions over time. For each relation, the 
authors give graphical representation and the 
corresponding intersection matrix. However, 
the authors do not present the evolution of to-
pological relations over time. In addition, the 
spatio-temporal relations in [17], [19], [20] are 
only defined in fuzzy regions, and not in fuzzy 
points and fuzzy lines. It should be noted that, 
although there have been some proposals for 
modeling topological relationships between 
fuzzy spatio-temporal objects, relatively little 
work has been done on integrating these topo-
logical relationships into databases to achieve 
fuzzy spatio-temporal queries. The detailed in-
troduction about spatio-temporal objects and 
their topological relationships can be found in 
Section 2 of this paper.
The motivation for our research is the develop- 
ment of topological relationships model that 
allows identification of all topological relation-
ships between fuzzy spatio-temporal objects 
and the query of fuzzy spatio-temporal objects 
through topological relationships. In this paper, 
we investigate a model of topological relation-
ships between fuzzy spatio-temporal objects. 
The main components of the model are fuzzy 
spatio-temporal objects, basic topological re-
lationships, and complex topological relation-
ships. Fuzzy spatio-temporal objects, as the 
operands of fuzzy spatio-temporal topological 
relationships, are a widespread spatio-tempo-
ral phenomenon. The complex fuzzy topologi- 
cal relationships can express facts which are 
temporal evolutions of basic topological rela-
tions. It should be pointed out that topological 
relationships between fuzzy spatio-temporal 
objects are the basis of constructing fuzzy spa-
tio-temporal description logic which will be 
studied in future work. The paper makes the 
following main contributions:
 ● We propose a model of fuzzy spatio-tem-
poral objects. In our model, we define 
these objects as moving fuzzy points, mo- 
ving fuzzy lines, and moving fuzzy regions. 
Fuzzy spatio-temporal objects, as operands 
of fuzzy spatio-temporal topological rela-
tionships, describe continuous movement 
of fuzzy spatial data types. Then, we give 
the graphical representation of fuzzy spa-
tio-temporal objects. We also provide an 
application scenario of fuzzy spatio-tem-
poral objects.
 ● We propose a model of basic topological 
relationships between fuzzy spatio-tempo-
ral objects. The modeling process includes 
four steps: (i) establishing a new 9-inter-
section model based on the 3 × 3-intersec-
tion matrix presented in [22], (ii) iden-
tifying topological relationships by the 
matrix model, (iii) defining basic relations 
according to the intuitional meaning of to-
pological relationships, and (iv) grouping 
topological relationships identified into 
basic relations.
In [7], the author defines a spatio-temporal ob-
ject as a unified object that extends time to a 
spatial data model. The spatial objects mainly 
consider simplicial complexes in Euclidean 
two-dimensional space and the temporal infor-
mation is attached to all components of the spa-
tial objects. In [6], an entity with the character 
of motion can be defined as a spatio-temporal 
object. The motion can be described by a series 
of parameters, such as trajectory, speed, current 
location and duration of event. For instance, 
a spatio-temporal object called car can be de-
scribed as car.Speed = fast, car.Duration = 30 
minutes, car.Location = 〈0, 5〉. In [4], from the 
perspective of a discrete modeling, a spatio-tem- 
poral object o is defined as a time-evolving spa-
tial object. The development of the object o can 
be represented by a set of triples (o_id, si, ti), 
where o_id is an identification number of spa-
tio-temporal object and si is the position of the 
object at instant ti. Grumbach and Rigaux [5] 
present a spatio-temporal data model based on 
linear constraints with the aim of representing 
infinite collections of points in 2-dimensional 
spaces. The trajectory of a spatio-temporal ob-
ject can be considered as a linear constraint re-
lation. All these approaches consider time as the 
third geometric dimension based on spatial ob-
jects. In addition, these spatio-temporal objects 
defined can only represent discrete changes of 
spatial objects over time. But these objects are 
incapable of representing the continuous tem-
poral changes of spatial objects.
In order to establish a continuous spatio-tem-
poral data model of time, Muller [9] defines a 
continuous spatio-temporal object called spa-
tio-temporal region, which is considered as a 
primitive entity for representation of mereo-to-
pological model. Erwig and Schneider [2] ap-
ply the temporal function τ (α) = time → α to 
the spatial data types α = {point, line, region} 
and then yield three spatio-temporal data types 
τ (point) = moving point, τ (line) = evolving line, 
and τ (region) = evolving region. That is, spa-
tio-temporal objects can be represented in three 
spatio-temporal data types. From a semantic 
point of view, a moving point is a point that 
changes its position in the Euclidean space over 
time. An evolving line is a line that can move 
and/or grow/shrink and/or change its linear 
structure. In the same way, an evolving region 
is a region that can move and/or grow/shrink 
and/or change its areal extent. In the fields of 
GIS and traffic planning navigation [8], moving 
 ● Based on the proposed basic topological re-
lationships, we model complex topological 
relationships between fuzzy spatio-tempo-
ral objects in order to describe the evolution 
of basic topological relations over time. 
More precisely, we firstly give the formal 
definition of complex fuzzy spatio-tem- 
poral relationships. Then, we elaborate 
specification of those relationships in the 
aspects of definition and graphical repre-
sentation.
 ● We show how to use basic and complex 
topological relationships to query fuzzy 
spatio-temporal objects in the context of 
spatio-temporal databases.
The remainder of this paper is organized as 
follows. Section 2 contains a summary of the 
related work. Section 3 introduces some pre-
liminaries about fuzzy set theory, spatial topo-
logical relations and temporal types, as far as 
they are relevant for this paper. Section 4 sum-
marizes fuzzy spatial data types and defines 
fuzzy spatio-temporal objects, which represent 
the change of fuzzy spatial data types over time. 
In Section 4, we model basic fuzzy spatio-tem-
poral relationships which describe the change 
of fuzzy spatial topological relationships over 
time. Section 5 describes how to model com-
plex fuzzy spatio-temporal relationships based 
on basic relationships. In Section 6, we show 
some examples of fuzzy spatio-temporal que-
ries. The last section concludes the paper with 
the summary and possible future studies.
2. Related Work
In this section, we summarize crisp spatio-tem-
poral objects and their topological relation-
ships (Section 2.1) and fuzzy spatio-temporal 
objects and their topological relationships 
(Section 2.2) in the literature.
2.1. Crisp Spatio-Temporal Objects and 
their Topological Relationships
The premise of topological relationships mo- 
deling is how to model fuzzy spatio-tempo-
ral objects. In modeling crisp spatio-temporal 
objects, two common approaches have been 
widely used: discrete model [4], [5], [6], [7] 
and continuous model [2], [8], [9].
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ries of a foggy region and a windy region are 
fuzzy concepts and their positions change over 
time. A foggy region is disjoint with a windy 
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the two regions are disjoint again. During this 
period, the topological relationships between 
both regions can be described as an evolution of 
basic topological relations (disjoint, fuzzy meet, 
and disjoint) over time. As a result, the issue 
of modeling topological relationships between 
fuzzy spatio-temporal objects should include 
two problems: (i) modeling fuzzy spatio-tem-
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Currently, several efforts have been made for 
the representation of fuzzy spatio-temporal ob-
jects such as [13], [14], [15]. The approach in 
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region over time, but does not represent the 
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"Egg/Yolk" region is presented. The two ap-
proaches are limited to fuzzy region objects 
and do not take fuzzy point objects and fuzzy 
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only discuss spatio-temporal indeterminacy of 
moving fuzzy point objects. Temporal changes 
of fuzzy line and fuzzy region are missing. At 
the same time, in order to model fuzzy topo-
logical relationships between fuzzy spatio-tem- 
poral objects, some efficient approaches have 
been proposed, mainly including fuzzy set 
theory-based methods [15], [16], rough set 
theory-based method [17], point-set topo- 
logy [13], motion-based approaches [14], [18], 
[19], and dimensional-extended method [20], 
[21]. For example, in [17], the authors propose 
a method to model spatio-temporal topological 
relationships based on rough set theory. In [19], 
the authors propose an approach for modeling 
spatio-temporal relations based on fuzzy logic. 
In reality, however, the described methods do 
not represent continuous change of these rela-
tionships. In [20], by extending the two-dimen-
sional Egg/Yolk model into three-dimensional 
space, the authors obtain 92 spatio-temporal 
topological relations between fuzzy spatio-tem- 
poral regions over time. For each relation, the 
authors give graphical representation and the 
corresponding intersection matrix. However, 
the authors do not present the evolution of to-
pological relations over time. In addition, the 
spatio-temporal relations in [17], [19], [20] are 
only defined in fuzzy regions, and not in fuzzy 
points and fuzzy lines. It should be noted that, 
although there have been some proposals for 
modeling topological relationships between 
fuzzy spatio-temporal objects, relatively little 
work has been done on integrating these topo-
logical relationships into databases to achieve 
fuzzy spatio-temporal queries. The detailed in-
troduction about spatio-temporal objects and 
their topological relationships can be found in 
Section 2 of this paper.
The motivation for our research is the develop- 
ment of topological relationships model that 
allows identification of all topological relation-
ships between fuzzy spatio-temporal objects 
and the query of fuzzy spatio-temporal objects 
through topological relationships. In this paper, 
we investigate a model of topological relation-
ships between fuzzy spatio-temporal objects. 
The main components of the model are fuzzy 
spatio-temporal objects, basic topological re-
lationships, and complex topological relation-
ships. Fuzzy spatio-temporal objects, as the 
operands of fuzzy spatio-temporal topological 
relationships, are a widespread spatio-tempo-
ral phenomenon. The complex fuzzy topologi- 
cal relationships can express facts which are 
temporal evolutions of basic topological rela-
tions. It should be pointed out that topological 
relationships between fuzzy spatio-temporal 
objects are the basis of constructing fuzzy spa-
tio-temporal description logic which will be 
studied in future work. The paper makes the 
following main contributions:
 ● We propose a model of fuzzy spatio-tem-
poral objects. In our model, we define 
these objects as moving fuzzy points, mo- 
ving fuzzy lines, and moving fuzzy regions. 
Fuzzy spatio-temporal objects, as operands 
of fuzzy spatio-temporal topological rela-
tionships, describe continuous movement 
of fuzzy spatial data types. Then, we give 
the graphical representation of fuzzy spa-
tio-temporal objects. We also provide an 
application scenario of fuzzy spatio-tem-
poral objects.
 ● We propose a model of basic topological 
relationships between fuzzy spatio-tempo-
ral objects. The modeling process includes 
four steps: (i) establishing a new 9-inter-
section model based on the 3 × 3-intersec-
tion matrix presented in [22], (ii) iden-
tifying topological relationships by the 
matrix model, (iii) defining basic relations 
according to the intuitional meaning of to-
pological relationships, and (iv) grouping 
topological relationships identified into 
basic relations.
In [7], the author defines a spatio-temporal ob-
ject as a unified object that extends time to a 
spatial data model. The spatial objects mainly 
consider simplicial complexes in Euclidean 
two-dimensional space and the temporal infor-
mation is attached to all components of the spa-
tial objects. In [6], an entity with the character 
of motion can be defined as a spatio-temporal 
object. The motion can be described by a series 
of parameters, such as trajectory, speed, current 
location and duration of event. For instance, 
a spatio-temporal object called car can be de-
scribed as car.Speed = fast, car.Duration = 30 
minutes, car.Location = 〈0, 5〉. In [4], from the 
perspective of a discrete modeling, a spatio-tem- 
poral object o is defined as a time-evolving spa-
tial object. The development of the object o can 
be represented by a set of triples (o_id, si, ti), 
where o_id is an identification number of spa-
tio-temporal object and si is the position of the 
object at instant ti. Grumbach and Rigaux [5] 
present a spatio-temporal data model based on 
linear constraints with the aim of representing 
infinite collections of points in 2-dimensional 
spaces. The trajectory of a spatio-temporal ob-
ject can be considered as a linear constraint re-
lation. All these approaches consider time as the 
third geometric dimension based on spatial ob-
jects. In addition, these spatio-temporal objects 
defined can only represent discrete changes of 
spatial objects over time. But these objects are 
incapable of representing the continuous tem-
poral changes of spatial objects.
In order to establish a continuous spatio-tem-
poral data model of time, Muller [9] defines a 
continuous spatio-temporal object called spa-
tio-temporal region, which is considered as a 
primitive entity for representation of mereo-to-
pological model. Erwig and Schneider [2] ap-
ply the temporal function τ (α) = time → α to 
the spatial data types α = {point, line, region} 
and then yield three spatio-temporal data types 
τ (point) = moving point, τ (line) = evolving line, 
and τ (region) = evolving region. That is, spa-
tio-temporal objects can be represented in three 
spatio-temporal data types. From a semantic 
point of view, a moving point is a point that 
changes its position in the Euclidean space over 
time. An evolving line is a line that can move 
and/or grow/shrink and/or change its linear 
structure. In the same way, an evolving region 
is a region that can move and/or grow/shrink 
and/or change its areal extent. In the fields of 
GIS and traffic planning navigation [8], moving 
 ● Based on the proposed basic topological re-
lationships, we model complex topological 
relationships between fuzzy spatio-tempo-
ral objects in order to describe the evolution 
of basic topological relations over time. 
More precisely, we firstly give the formal 
definition of complex fuzzy spatio-tem- 
poral relationships. Then, we elaborate 
specification of those relationships in the 
aspects of definition and graphical repre-
sentation.
 ● We show how to use basic and complex 
topological relationships to query fuzzy 
spatio-temporal objects in the context of 
spatio-temporal databases.
The remainder of this paper is organized as 
follows. Section 2 contains a summary of the 
related work. Section 3 introduces some pre-
liminaries about fuzzy set theory, spatial topo-
logical relations and temporal types, as far as 
they are relevant for this paper. Section 4 sum-
marizes fuzzy spatial data types and defines 
fuzzy spatio-temporal objects, which represent 
the change of fuzzy spatial data types over time. 
In Section 4, we model basic fuzzy spatio-tem-
poral relationships which describe the change 
of fuzzy spatial topological relationships over 
time. Section 5 describes how to model com-
plex fuzzy spatio-temporal relationships based 
on basic relationships. In Section 6, we show 
some examples of fuzzy spatio-temporal que-
ries. The last section concludes the paper with 
the summary and possible future studies.
2. Related Work
In this section, we summarize crisp spatio-tem-
poral objects and their topological relation-
ships (Section 2.1) and fuzzy spatio-temporal 
objects and their topological relationships 
(Section 2.2) in the literature.
2.1. Crisp Spatio-Temporal Objects and 
their Topological Relationships
The premise of topological relationships mo- 
deling is how to model fuzzy spatio-tempo-
ral objects. In modeling crisp spatio-temporal 
objects, two common approaches have been 
widely used: discrete model [4], [5], [6], [7] 
and continuous model [2], [8], [9].
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objects such as cars, hurricanes and animals can 
also be considered as spatio-temporal objects. 
Take car and hurricane for example, they can 
be represented by moving points and moving 
regions respectively. In [8], the situation that 
the exact location of these objects changes over 
time can be taken into account. In fact, the ap-
proaches aiming at the movement of objects in 
[8], [9] are different from the approaches which 
focus on the shape change and movement of the 
objects over time in [2].
Spatio-temporal topological relationship is one 
of the most important and fundamental elements 
in spatio-temporal applications [20]. It plays an 
important role in the modeling of spatio-tempo-
ral knowledge. Topological relationships can be 
used for querying and reasoning spatio-tempo-
ral objects [23]. Some approaches of modeling 
topological relationships between spatio-tem-
poral objects have been proposed such as an 
algebraic model [2], event-based method [10], 
and space-time combination approach [1].
In [2], Erwig and Schneider propose an explicit 
framework called spatio-temporal predicates 
for the representation of spatio-temporal know- 
ledge. The formal definition of these predicates 
is based on three kinds of spatio-temporal ob-
jects: moving point, evolving line, and evolv-
ing region. Spatial predicates and sequence of 
elementary spatio-temporal predicates can be 
combined into complex predicates with the aim 
of describing the development of spatio-tempo-
ral relations between objects. In addition, all re-
lationships can be extended to SQL language in 
order to achieve spatio-temporal queries [3]. In 
[10], the authors propose a model to analyze the 
spatio-temporal relationships between moving 
robots in RoboCup soccer game. This model 
is based on time intervals of continuous object 
motion (OMI) and duration of spatial relations 
(SRI), in which the authors used 13 Allen's time 
interval relations to describe temporal relation-
ships and employed the quantitative direction 
and distance relations to describe spatial rela-
tions. In addition, according to the model, some 
spatio-temporal topological relationships such 
as meet, approaching, departing, and passing 
can be defined to interpret the behaviors of 
moving objects. The described methods, how-
ever, do not provide graphical representations 
for every basic spatio-temporal relation and 
do not demonstrate some query examples and 
only apply to the predicates that occur between 
moving point and evolving region as well as 
between moving points. Ribaric and Hrkac [1] 
propose a formal model for representing and 
reasoning spatio-temporal knowledge. This 
model describes a total of 117 spatio-temporal 
relationships, which are based on the combina-
tion of 13 Allen's time interval relations and 9 
spatial relations. For example, the spatio-tem-
poral relationship "A ra = B" means that the ob-
ject A is to the right and above the object B and 
their activities are simultaneous. Unfortunately, 
these 117 relations can only express the rela-
tions between points and do not take into ac-
count the continuous change of spatio-temporal 
objects over time.
All of the above described approaches are based 
on the assumption that spatio-temporal objects 
have crisp boundaries and do not take into ac-
count the fuzzy boundaries of spatio-temporal 
objects, which can be a drawback when repre-
senting fuzzy and imprecise objects and their 
topological relationships in real-world applica-
tions. 
Based on the above discussions, Table 1 summa-
ries major work in modeling crisp spatio-tem- 
poral objects and their topological relation-
ships.
2.2. Fuzzy Spatio-Temporal Objects and 
their Topological Relationships
Spatio-temporal objects are not always crisp, 
but fuzzy and uncertain in the real world [11]. 
In order to deal with the fuzziness and impreci-
sion of spatio-temporal objects, several efforts 
have been made to model fuzzy spatio-temporal 
objects and their topological relationships, such 
as fuzzy set theory-based methods [15], [16], 
rough set theory-based method [17], point-set 
topology [13], motion-based approaches [14], 
[18], [19], and dimensional-extended method 
[20], [21].
There are several efforts to model spatio-tem-
poral objects using fuzzy set theory [15], [16]. 
Pfoser and Jensen [15] represent a moving 
point object by using fuzzy techniques. Due to 
the measure error and sampling error, the object 
is imprecise. For example, the positions of a 
point object at a certain time or the positions of 
in-between point objects in time are imprecise. 
In [16], the authors model the fuzzy spatial and 
temporal information by using triangular fuzzy 
numbers, and obtain a total of 117 spatio-tem-
poral relationships based on the combination of 
13 temporal relationships and 9 spatial relation-
ships. However, the described approaches only 
operate on fuzzy point objects and do not take 
fuzzy line and fuzzy region into account. In ad-
dition to fuzzy set, rough set can also be used 
for modeling spatio-temporal relationships 
[17]. In [17], Bassiri and Alesheikh propose a 
method to model topological relationships be-
tween spatio-temporal objects based on rough 
set. The method divides a rough spatial object 
into three areas including lower bound, bound-
ary region, and outside region. Based on these 
areas, a 9-intersection matrix is obtained, which 
represents spatial relationships between two 
rough objects. With the combination of spatial 
relations and 13 Allen's time interval relations, 
the spatio-temporal relations can be generated.
An interesting approach for fuzzy spatio-tempo-
ral objects modeling in fuzzy topological space 
is given in [13]. Here, a land change is defined 
as a fuzzy spatio-temporal object. Based on the 
fuzzy topology, every object has a maximum 
of 5 areas, including interior, boundary of the 
boundary, interior of the boundary, boundary of 
the interior, and exterior. A traditional 9-inter-
section matrix can also be extended into 25-in-
tersection one. By comprising the changes of 
the five areas between temporal begin point and 
temporal end point, the situation of land use 
and land covers can be analysed. The approach 
in [13] only helps to describe a discrete change 
of fuzzy region over time, but does not explain 
the continuous changes. The temporal changes 
of fuzzy point and fuzzy line are also missing.
Some motion-based spatio-temporal relation-
ships modeling approaches have also been pro-
posed. In [14], the authors extend Muller's spa-
tio-temporal theory to vague Egg/Yolk regions. 
A spatio-temporal relationship is also described 
as the spatial motion of vague Egg/Yolk regions 
over time. As a result, the model constructs 
some motion classes, such as POSSIBLE-HIT, 
POSSIBLE-REACH, and POSSIBLE-CROSS. 
In [19], an approach for modeling spatio-tem-
poral relations based on fuzzy logic is proposed. 
In order to interpret an entity's behavior (e.g. a 
human) qualitatively in real-time, the approach 
designs four spatio-temporal relationships such 
as IsMoving, IsComingCloseTo, IsGoingAway, 
and IsGoingAlong. In [18], the authors use 
MBR (Minimum Bounding Rectangle) to rep-
resent fuzzy spatio-temporal position. A total of 
6 spatio-temporal topological relationships are 
also presented, which include spatio-temporal 
disjoint, meet, intersect, contain, overlap, and 
equal.
Some work addresses an extension of two-di-
mensional Egg/Yolk model. In [20], by ex-
tending two-dimensional Egg/Yolk model to 
three-dimensional space, 92 topological rela-
tions between fuzzy spatio-temporal regions 
over time are obtained. For each relation, the 
authors give graphical representation and the 
corresponding intersection matrix. This model 
does not address the evolution of topological 
relationships and does not cover the motion. 
In [21], a model for indeterminate evolving 
2D regions is proposed. The model extends the 
two-dimensional Egg/Yolk model into the third 
Table 1.  Modeling crisp spatio-temporal objects and their topological relationships.
Modeling crisp spatio-temporal objects Comments
discrete model (Brisaboa, Mirbel and Pernici [6]; Grum-
bach, Rigaux and Segoufin [5]; Theodoridis et al. [4]; 
Worboys [7])
continuous model (Erwig and Schneider [2]; Muller [9]; 
Schneider [8])
representing discrete changes of spatial objects over 
time 
representing the continuous temporal changes of 
spatial objects
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event-based method (Miene and Visser [10])
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objects such as cars, hurricanes and animals can 
also be considered as spatio-temporal objects. 
Take car and hurricane for example, they can 
be represented by moving points and moving 
regions respectively. In [8], the situation that 
the exact location of these objects changes over 
time can be taken into account. In fact, the ap-
proaches aiming at the movement of objects in 
[8], [9] are different from the approaches which 
focus on the shape change and movement of the 
objects over time in [2].
Spatio-temporal topological relationship is one 
of the most important and fundamental elements 
in spatio-temporal applications [20]. It plays an 
important role in the modeling of spatio-tempo-
ral knowledge. Topological relationships can be 
used for querying and reasoning spatio-tempo-
ral objects [23]. Some approaches of modeling 
topological relationships between spatio-tem-
poral objects have been proposed such as an 
algebraic model [2], event-based method [10], 
and space-time combination approach [1].
In [2], Erwig and Schneider propose an explicit 
framework called spatio-temporal predicates 
for the representation of spatio-temporal know- 
ledge. The formal definition of these predicates 
is based on three kinds of spatio-temporal ob-
jects: moving point, evolving line, and evolv-
ing region. Spatial predicates and sequence of 
elementary spatio-temporal predicates can be 
combined into complex predicates with the aim 
of describing the development of spatio-tempo-
ral relations between objects. In addition, all re-
lationships can be extended to SQL language in 
order to achieve spatio-temporal queries [3]. In 
[10], the authors propose a model to analyze the 
spatio-temporal relationships between moving 
robots in RoboCup soccer game. This model 
is based on time intervals of continuous object 
motion (OMI) and duration of spatial relations 
(SRI), in which the authors used 13 Allen's time 
interval relations to describe temporal relation-
ships and employed the quantitative direction 
and distance relations to describe spatial rela-
tions. In addition, according to the model, some 
spatio-temporal topological relationships such 
as meet, approaching, departing, and passing 
can be defined to interpret the behaviors of 
moving objects. The described methods, how-
ever, do not provide graphical representations 
for every basic spatio-temporal relation and 
do not demonstrate some query examples and 
only apply to the predicates that occur between 
moving point and evolving region as well as 
between moving points. Ribaric and Hrkac [1] 
propose a formal model for representing and 
reasoning spatio-temporal knowledge. This 
model describes a total of 117 spatio-temporal 
relationships, which are based on the combina-
tion of 13 Allen's time interval relations and 9 
spatial relations. For example, the spatio-tem-
poral relationship "A ra = B" means that the ob-
ject A is to the right and above the object B and 
their activities are simultaneous. Unfortunately, 
these 117 relations can only express the rela-
tions between points and do not take into ac-
count the continuous change of spatio-temporal 
objects over time.
All of the above described approaches are based 
on the assumption that spatio-temporal objects 
have crisp boundaries and do not take into ac-
count the fuzzy boundaries of spatio-temporal 
objects, which can be a drawback when repre-
senting fuzzy and imprecise objects and their 
topological relationships in real-world applica-
tions. 
Based on the above discussions, Table 1 summa-
ries major work in modeling crisp spatio-tem- 
poral objects and their topological relation-
ships.
2.2. Fuzzy Spatio-Temporal Objects and 
their Topological Relationships
Spatio-temporal objects are not always crisp, 
but fuzzy and uncertain in the real world [11]. 
In order to deal with the fuzziness and impreci-
sion of spatio-temporal objects, several efforts 
have been made to model fuzzy spatio-temporal 
objects and their topological relationships, such 
as fuzzy set theory-based methods [15], [16], 
rough set theory-based method [17], point-set 
topology [13], motion-based approaches [14], 
[18], [19], and dimensional-extended method 
[20], [21].
There are several efforts to model spatio-tem-
poral objects using fuzzy set theory [15], [16]. 
Pfoser and Jensen [15] represent a moving 
point object by using fuzzy techniques. Due to 
the measure error and sampling error, the object 
is imprecise. For example, the positions of a 
point object at a certain time or the positions of 
in-between point objects in time are imprecise. 
In [16], the authors model the fuzzy spatial and 
temporal information by using triangular fuzzy 
numbers, and obtain a total of 117 spatio-tem-
poral relationships based on the combination of 
13 temporal relationships and 9 spatial relation-
ships. However, the described approaches only 
operate on fuzzy point objects and do not take 
fuzzy line and fuzzy region into account. In ad-
dition to fuzzy set, rough set can also be used 
for modeling spatio-temporal relationships 
[17]. In [17], Bassiri and Alesheikh propose a 
method to model topological relationships be-
tween spatio-temporal objects based on rough 
set. The method divides a rough spatial object 
into three areas including lower bound, bound-
ary region, and outside region. Based on these 
areas, a 9-intersection matrix is obtained, which 
represents spatial relationships between two 
rough objects. With the combination of spatial 
relations and 13 Allen's time interval relations, 
the spatio-temporal relations can be generated.
An interesting approach for fuzzy spatio-tempo-
ral objects modeling in fuzzy topological space 
is given in [13]. Here, a land change is defined 
as a fuzzy spatio-temporal object. Based on the 
fuzzy topology, every object has a maximum 
of 5 areas, including interior, boundary of the 
boundary, interior of the boundary, boundary of 
the interior, and exterior. A traditional 9-inter-
section matrix can also be extended into 25-in-
tersection one. By comprising the changes of 
the five areas between temporal begin point and 
temporal end point, the situation of land use 
and land covers can be analysed. The approach 
in [13] only helps to describe a discrete change 
of fuzzy region over time, but does not explain 
the continuous changes. The temporal changes 
of fuzzy point and fuzzy line are also missing.
Some motion-based spatio-temporal relation-
ships modeling approaches have also been pro-
posed. In [14], the authors extend Muller's spa-
tio-temporal theory to vague Egg/Yolk regions. 
A spatio-temporal relationship is also described 
as the spatial motion of vague Egg/Yolk regions 
over time. As a result, the model constructs 
some motion classes, such as POSSIBLE-HIT, 
POSSIBLE-REACH, and POSSIBLE-CROSS. 
In [19], an approach for modeling spatio-tem-
poral relations based on fuzzy logic is proposed. 
In order to interpret an entity's behavior (e.g. a 
human) qualitatively in real-time, the approach 
designs four spatio-temporal relationships such 
as IsMoving, IsComingCloseTo, IsGoingAway, 
and IsGoingAlong. In [18], the authors use 
MBR (Minimum Bounding Rectangle) to rep-
resent fuzzy spatio-temporal position. A total of 
6 spatio-temporal topological relationships are 
also presented, which include spatio-temporal 
disjoint, meet, intersect, contain, overlap, and 
equal.
Some work addresses an extension of two-di-
mensional Egg/Yolk model. In [20], by ex-
tending two-dimensional Egg/Yolk model to 
three-dimensional space, 92 topological rela-
tions between fuzzy spatio-temporal regions 
over time are obtained. For each relation, the 
authors give graphical representation and the 
corresponding intersection matrix. This model 
does not address the evolution of topological 
relationships and does not cover the motion. 
In [21], a model for indeterminate evolving 
2D regions is proposed. The model extends the 
two-dimensional Egg/Yolk model into the third 
Table 1.  Modeling crisp spatio-temporal objects and their topological relationships.
Modeling crisp spatio-temporal objects Comments
discrete model (Brisaboa, Mirbel and Pernici [6]; Grum-
bach, Rigaux and Segoufin [5]; Theodoridis et al. [4]; 
Worboys [7])
continuous model (Erwig and Schneider [2]; Muller [9]; 
Schneider [8])
representing discrete changes of spatial objects over 
time 
representing the continuous temporal changes of 
spatial objects
Modeling topological relations between crisp spatio-tem-
poral objects Major focuses
algebraic model (Erwig and Schneider [2])
event-based method (Miene and Visser [10])
space-time combination approach (Ribaric and Hrkac [1])
Spatio-temporal predicates based on moving point, 
evolving line, and evolving region.
spatio-temporal topological relationships between 
moving points
117 spatio-temporal relationships based on the com-
bination of 13 Allen's time interval relations and 9 
spatial relations between points.
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dimension that can describe the approximate 
topological relations. However, the spatio-tem-
poral relations in [20], [21] are only defined in 
fuzzy regions, and not in fuzzy points and fuzzy 
lines.
It should be noted that, although some efficient 
approaches have been proposed for modeling 
fuzzy topological relationships between fuzzy 
spatio-temporal objects, relatively little work 
has been done on integrating these fuzzy topo-
logical relationships into spatio-temporal data-
bases to query fuzzy spatio-temporal objects.
Based on the above discussion, Table 2 presents 
a summary of various fuzzy spatio-temporal 
objects and their topological relationships mo- 
dels proposed in the literature.
In this paper, we introduce fuzzy set theory 
and fuzzy spatial objects to the model repre-
sented in [2] for modeling fuzzy spatio-tem-
poral objects. It is necessary to construct a 
generic fuzzy spatio-temporal objects model 
covering the discrete and continuous tem-
poral change of moving fuzzy point, mov-
ing fuzzy line and moving fuzzy region. 
In addition, fuzzy spatio-temporal objects 
are the basis of modeling fuzzy spatio-tem- 
poral topological relationships. We also use a 
9-intersection model and motion properties to 
model basic and complex topological relation-
ships between fuzzy spatio-temporal objects. In 
particular, these topological relationships can 
be considered as fuzzy spatio-temporal opera-
tors in order to achieve fuzzy spatio-temporal 
queries in this paper.
3. Preliminaries
In this section, we briefly recall some prelimi-
naries. Section 3.1 introduces fuzzy set theory, 
and Section 3.2 presents the concept of spatial 
topological relations. Section 3.3 introduces 
temporal types.
3.1. Fuzzy Set Theory
In order to model imprecise and fuzzy infor-
mation in the real-world applications, Zadeh 
[24] proposes the theory of fuzzy sets. As an 
extension of classical crisp set, fuzzy set the-
ory is widely applied in various domains such 
as information systems, artificial intelligence, 
expert systems, computer science and Semantic 
Web [25]. Here, we only briefly introduce the 
basic definition, representation, and operations 
of fuzzy set theory.
Let U be a universe of discourse, the fuzzy set F 
in U is characterized by a membership function 
μF (u) : U → [0,1], which assigns a real number 
in the interval [0, 1] to each u in U. For each 
u ∈ U, the value of μF (u) at u represents the 
degree of membership of u in U. For example, 
μF (u) = 0.5 means that u belongs to F with a 
degree of 0.5.
For the basic operations, we assume that let A 
and B be two fuzzy sets over U. For any u ∈ U, 
fuzzy sets A and B defined by U, membership 
function comprises three kinds of constraints as 
follows [24]:
μA ∪ B (u) = μA (u) ∨ μB (u) 
μA ∩ B (u) = μA (u) ∧ μB (u) 
μA̅ (u) = 1– μA,
where A̅ is complement of A in U.
3.2. Spatial Topological Relations
As mentioned in [26], spatial relations include 
three classes, such as topological, metric and 
directional relations. In our work, we only dis-
cuss the topological spatio-temporal relations. 
Thus, in this section, we omit the introduction 
of metric and directional relations.
Spatial topological relations play a significant 
role in Geographic Information System and 
spatial database, whose purpose is to describe 
relationships between crisp spatial objects [11]. 
Randell et al. [27] propose the Region Connec-
tion Calculus (short for RCC) theory in the field 
of spatial domain knowledge. And the most im-
portant model in RCC is the RCC-8, which rep-
resents 8 kinds of RCC relationships, i.e., {DC, 
EC, EQ, NTPP, NTPPi, TPP, TPPi, PO}, and 
the corresponding semantics are disjoint, meet, 
equal, contains, inside, covers, coveredby, 
and overlap, respectively. Currently, the most 
widely used model for analyzing topological re-
lations is a 9-intersection model, which is based 
on the intersection between the parts (interior, 
boundary, exterior) of crisp spatial objects [28]. 
For two crisp spatial objects A and B, let A0, ∂A, 
A– be the interior, boundary, and exterior of A, 
respectively. Similarly, let B0, ∂B, B– be the in-
terior, boundary, and exterior of B, respectively. 
Then, a set of topological relations can be con-
cisely represented by the following 3 × 3 matrix 
R (A, B), named the 9-intersection matrix.
( )




A B A B A B
R A B A B A B A B
A B A B A B
−
−
− − − −
 ∩∂ ∩ ∩
 = ∂ ∩∂ ∂ ∩ ∂ ∩
 ∩∂ ∩ ∩    
(1)
The value of each intersection in the matrix 
contains either a 0 (empty) or a 1 (nonempty), 
resulting in 29 = 512 possible topological rela-
tions. Only when the spatial objects are embed-
ded in the dimensions of R2 can the topological 
relations be realized [22]. By eliminating those 
relations that are not realized, one can obtain a 
total of 2 relations (disjoint and equal) between 
two crisp points, 3 relations (disjoint, meet, 
contains) between one crisp point and line, 3 
relations (disjoint, meet, contains) between one 
crisp point and region, 16 relations between 
two crisp lines, 13 relations between one crisp 
line and region [28], 8 relations (disjoint, meet, 
equal, contains, inside, overlap, covers, and 
coveredby) between two crisp regions (see Fi- 
gure 1).
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Lei et al. [21] √ √
 Our work √ √ √ √ √ Figure 1. The eight relationships (predicates) between two crisp regions.
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dimension that can describe the approximate 
topological relations. However, the spatio-tem-
poral relations in [20], [21] are only defined in 
fuzzy regions, and not in fuzzy points and fuzzy 
lines.
It should be noted that, although some efficient 
approaches have been proposed for modeling 
fuzzy topological relationships between fuzzy 
spatio-temporal objects, relatively little work 
has been done on integrating these fuzzy topo-
logical relationships into spatio-temporal data-
bases to query fuzzy spatio-temporal objects.
Based on the above discussion, Table 2 presents 
a summary of various fuzzy spatio-temporal 
objects and their topological relationships mo- 
dels proposed in the literature.
In this paper, we introduce fuzzy set theory 
and fuzzy spatial objects to the model repre-
sented in [2] for modeling fuzzy spatio-tem-
poral objects. It is necessary to construct a 
generic fuzzy spatio-temporal objects model 
covering the discrete and continuous tem-
poral change of moving fuzzy point, mov-
ing fuzzy line and moving fuzzy region. 
In addition, fuzzy spatio-temporal objects 
are the basis of modeling fuzzy spatio-tem- 
poral topological relationships. We also use a 
9-intersection model and motion properties to 
model basic and complex topological relation-
ships between fuzzy spatio-temporal objects. In 
particular, these topological relationships can 
be considered as fuzzy spatio-temporal opera-
tors in order to achieve fuzzy spatio-temporal 
queries in this paper.
3. Preliminaries
In this section, we briefly recall some prelimi-
naries. Section 3.1 introduces fuzzy set theory, 
and Section 3.2 presents the concept of spatial 
topological relations. Section 3.3 introduces 
temporal types.
3.1. Fuzzy Set Theory
In order to model imprecise and fuzzy infor-
mation in the real-world applications, Zadeh 
[24] proposes the theory of fuzzy sets. As an 
extension of classical crisp set, fuzzy set the-
ory is widely applied in various domains such 
as information systems, artificial intelligence, 
expert systems, computer science and Semantic 
Web [25]. Here, we only briefly introduce the 
basic definition, representation, and operations 
of fuzzy set theory.
Let U be a universe of discourse, the fuzzy set F 
in U is characterized by a membership function 
μF (u) : U → [0,1], which assigns a real number 
in the interval [0, 1] to each u in U. For each 
u ∈ U, the value of μF (u) at u represents the 
degree of membership of u in U. For example, 
μF (u) = 0.5 means that u belongs to F with a 
degree of 0.5.
For the basic operations, we assume that let A 
and B be two fuzzy sets over U. For any u ∈ U, 
fuzzy sets A and B defined by U, membership 
function comprises three kinds of constraints as 
follows [24]:
μA ∪ B (u) = μA (u) ∨ μB (u) 
μA ∩ B (u) = μA (u) ∧ μB (u) 
μA̅ (u) = 1– μA,
where A̅ is complement of A in U.
3.2. Spatial Topological Relations
As mentioned in [26], spatial relations include 
three classes, such as topological, metric and 
directional relations. In our work, we only dis-
cuss the topological spatio-temporal relations. 
Thus, in this section, we omit the introduction 
of metric and directional relations.
Spatial topological relations play a significant 
role in Geographic Information System and 
spatial database, whose purpose is to describe 
relationships between crisp spatial objects [11]. 
Randell et al. [27] propose the Region Connec-
tion Calculus (short for RCC) theory in the field 
of spatial domain knowledge. And the most im-
portant model in RCC is the RCC-8, which rep-
resents 8 kinds of RCC relationships, i.e., {DC, 
EC, EQ, NTPP, NTPPi, TPP, TPPi, PO}, and 
the corresponding semantics are disjoint, meet, 
equal, contains, inside, covers, coveredby, 
and overlap, respectively. Currently, the most 
widely used model for analyzing topological re-
lations is a 9-intersection model, which is based 
on the intersection between the parts (interior, 
boundary, exterior) of crisp spatial objects [28]. 
For two crisp spatial objects A and B, let A0, ∂A, 
A– be the interior, boundary, and exterior of A, 
respectively. Similarly, let B0, ∂B, B– be the in-
terior, boundary, and exterior of B, respectively. 
Then, a set of topological relations can be con-
cisely represented by the following 3 × 3 matrix 
R (A, B), named the 9-intersection matrix.
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The value of each intersection in the matrix 
contains either a 0 (empty) or a 1 (nonempty), 
resulting in 29 = 512 possible topological rela-
tions. Only when the spatial objects are embed-
ded in the dimensions of R2 can the topological 
relations be realized [22]. By eliminating those 
relations that are not realized, one can obtain a 
total of 2 relations (disjoint and equal) between 
two crisp points, 3 relations (disjoint, meet, 
contains) between one crisp point and line, 3 
relations (disjoint, meet, contains) between one 
crisp point and region, 16 relations between 
two crisp lines, 13 relations between one crisp 
line and region [28], 8 relations (disjoint, meet, 
equal, contains, inside, overlap, covers, and 
coveredby) between two crisp regions (see Fi- 
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3.3. Temporal Types
Time is an essential feature of the real-world, 
especially in a natural phenomenon. Any ob-
jects can change in a certain time point or time 
period. It is important to note that time can de-
scribe the continuity of objects in motion or 
the sequence of objects and processes. Gene- 
rally, temporal types consist of three forms, 
time point, time interval, and time duration 
[29], [30], [31]. In the following, we will recall 
briefly the notions of temporal types.
Time point: Time point called instant is the 
discrete time when state of an object or rela-
tion between two objects holds. For exam-
ple, a ship leaves a windy region at 5:30 am. 
The system of time point can be represented 
by a formal method. A system of time point 
T = 〈t, ≤t〉 [29], where t is a finite set of time 
points t = {t1, t2, …, tn}, n ≥ 0, ≤t denotes the 
temporal order over t. For instance, t1 ≤t t2 de-
notes t1 occurs before t2 or t1 and t2 occur at the 
same time.
Time interval: The value of time interval is a 
collection of pairs of time points where the for-
mer is the start time point ts and the latter is the 
end one te. i.e., a time interval T = [ts, te]. For 
example, a ship crosses a windy region with a 
time interval [4:30 am, 5:30 am]. It should be 
pointed out that some events hold only at a re-
stricted time interval. This time interval called 
valid time is the intersection of two participa- 
ting temporal objects's domains. For instance, 
a ship starts its journey at 1:00 am and finishes 
the journey at 9:00 am. Within the interval, a 
windy region is to appear and disappear at 3:00 
am and 5:30 am, respectively. The valid time of 
the two objects' associated topological relation-
ship is between 3:00 am to 5:30 am.
Time duration: Time duration indicates a sus-
tained period of time, the value of which is a 
length of time. For example, consider an event 
that a storm lasted three hours. The time dura-
tion is three hours. A similarity can be observed 
between Time duration and Time interval – both 
of them represent a period of time. However, 
the most obvious difference is that Time dura-
tion has neither begin time nor end time.
4. Modeling Fuzzy Spatio-Temporal 
Objects
In order to model topological relationships be-
tween fuzzy spatio-temporal objects, the first 
problem is how to model fuzzy spatio-temporal 
objects because these objects are the basic opera- 
tions of fuzzy topological relationships. In this 
section, we first review fuzzy spatial objects in 
Section 4.1, and then, taking it as a basis, we 
give the formal definition of fuzzy spatio-tem-
proal objects called moving fuzzy points, mo- 
ving fuzzy lines, and moving fuzzy regions in 
Section 4.2.
4.1. Fuzzy Spatial Data Types
In order to model fuzzy spatio-temporal ob-
jects, it is necessary for one to fully understand 
the basic spatial data types, such as points, 
lines, and regions. In terms of a crisp case, crisp 
points, lines, and regions have been widely dis-
cussed in [32]. In terms of fuzzy case, Liu et 
al. [12], Schneider [33], Pauly et al. [34] and 
Tang et al. [35] have proposed the definitions 
of fuzzy points, fuzzy lines and fuzzy regions. 
In the following, we summarize the definitions 
as follows.
Definition 1 (Fuzzy point). A fuzzy point is a 
point, and its exact location is unknown, but 
its possible locations may be in a certain area. 
Let P be a fuzzy point. Then P consists of three 
parts: a boundary (∂P), an exterior (P–), and 
an interior (P0), where ∂P can be empty. For 
any ∂P, there is a membership function μp (x, y) 
such that 0 < μp ≤ 1, where x and y denote the 
x-coordinate and y-coordinate of fuzzy point P, 
respectively. An illustration of fuzzy point P is 
shown in Figure 2.
Definition 2 (Fuzzy line). A fuzzy line is a line 
for which the exact shape, position or lengths 
are not known, but it is known in which area 
the line must be. Let L be a fuzzy line, ∂L be a 
boundary of L, L– be an exterior of L, L0 be an 
interior of L. For any ∂L, there is a membership 
function μL (x, y) such that 0 < μL ≤ 1, where x 
and y denote the x-coordinate and y-coordinate 
of fuzzy line L, respectively. An illustration of 
fuzzy line L is shown in Figure 3.
Definition 3 (Fuzzy region). A fuzzy region R is 
a region with fuzzy boundaries, which is made 
up of two crisp regions, Rd and Rf , where Rd 
describes the determinate part of R, and Rf de-
scribes the fuzzy part of A. ∂Rd and ∂Rf , repre-
senting the two fuzzy boundaries, are the inner 
and outer boundaries of R, respectively, where 
μRd = 1, and μRf = 0 describe the degrees of mem-
bership belonging to determinate part. It is im-
portant to note that the degree of membership 
decreases as the fuzzy part moves away from 
the determinate one. R– is an exterior of the re-
gion R. A fuzzy region is illustrated in Figure 4 
with the determinate Rd, the inner boundary ∂Rd, 
the outer boundary ∂Rf , and the exterior R–.
4.2. Modeling of Fuzzy Spatio-temporal 
Objects
Before modeling topological relationships be-
tween fuzzy spatio-temporal objects, we first 
need to model fuzzy spatio-temporal objects. 
As mentioned in Section 4.1, fuzzy spatial ob-
jects (also called fuzzy spatial data types) are 
considered as static objects which include fuzzy 
points, fuzzy lines and fuzzy regions. Com-
pared with them, fuzzy spatio-temporal objects 
are viewed as moving objects, the positions of 
which change over time. In other words, fuzzy 
spatio-temporal objects represent the change of 
fuzzy spatial objects over time.
Based on fuzzy spatial objects [12], [34], [35] 
and the representation of motion model [23], 
we first give a formal definition of motion.
Definition 4 (Motion). The motion of a moving 
object is a continuous function of fuzzy spatio-tem- 
poral data types FST from fuzzy time ftime to 
fuzzy spatial data types FS:
FST: ftime → FS,
Here, FS denotes fuzzy spatial data types inclu- 
ding fuzzy points, fuzzy lines and fuzzy regions. 
FST represents all total functions from ftime to 
FS. The symbol of ftime represents fuzzy time 
with a degree of membership μtime → [0, 1].
From the above definition, it is shown that fuzzy 
spatial objects change continuously over time. 
Fuzziness is mainly reflected in spatial data 
types and time. And the definition describes not 
only continuous change of fuzzy spatio-tem-
poral objects, but also discrete change. If ftime 
denotes a time point, then the definition can 
describe a discrete change. If ftime denotes a 
time interval, then the definition can describe a 
continuous change.
Now, we define fuzzy spatio-temporal objects. 
Fuzzy spatio-temporal objects can be seen as 
fuzzy spatio-temporal data types which describe 
continuous movement of fuzzy spatial data types. 
As we have stated in Section 4.1, fuzzy spatial 
objects comprise fuzzy point, fuzzy line, and 
fuzzy region. Thus, we define fuzzy spatio-tem- 
poral objects as moving fuzzy points, mo- 
ving fuzzy lines (or called evolving fuzzy lines), 
and moving fuzzy regions (or called evolving 
fuzzy regions). Based on the Definition 4, we 
give the formal definitions of the three kinds of 
fuzzy spatio-temporal objects.
Definition 5. Let mfpoint, mfline, and mfregion 
denote moving fuzzy points, moving fuzzy 
lines, and moving fuzzy regions. They are de-
fined as follows:
Figure 2. An illustration of a fuzzy point P.
Figure 3. An illustration of a fuzzy line L.
Figure 4. An illustration of a fuzzy region R with fuzzy 
boundaries.
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3.3. Temporal Types
Time is an essential feature of the real-world, 
especially in a natural phenomenon. Any ob-
jects can change in a certain time point or time 
period. It is important to note that time can de-
scribe the continuity of objects in motion or 
the sequence of objects and processes. Gene- 
rally, temporal types consist of three forms, 
time point, time interval, and time duration 
[29], [30], [31]. In the following, we will recall 
briefly the notions of temporal types.
Time point: Time point called instant is the 
discrete time when state of an object or rela-
tion between two objects holds. For exam-
ple, a ship leaves a windy region at 5:30 am. 
The system of time point can be represented 
by a formal method. A system of time point 
T = 〈t, ≤t〉 [29], where t is a finite set of time 
points t = {t1, t2, …, tn}, n ≥ 0, ≤t denotes the 
temporal order over t. For instance, t1 ≤t t2 de-
notes t1 occurs before t2 or t1 and t2 occur at the 
same time.
Time interval: The value of time interval is a 
collection of pairs of time points where the for-
mer is the start time point ts and the latter is the 
end one te. i.e., a time interval T = [ts, te]. For 
example, a ship crosses a windy region with a 
time interval [4:30 am, 5:30 am]. It should be 
pointed out that some events hold only at a re-
stricted time interval. This time interval called 
valid time is the intersection of two participa- 
ting temporal objects's domains. For instance, 
a ship starts its journey at 1:00 am and finishes 
the journey at 9:00 am. Within the interval, a 
windy region is to appear and disappear at 3:00 
am and 5:30 am, respectively. The valid time of 
the two objects' associated topological relation-
ship is between 3:00 am to 5:30 am.
Time duration: Time duration indicates a sus-
tained period of time, the value of which is a 
length of time. For example, consider an event 
that a storm lasted three hours. The time dura-
tion is three hours. A similarity can be observed 
between Time duration and Time interval – both 
of them represent a period of time. However, 
the most obvious difference is that Time dura-
tion has neither begin time nor end time.
4. Modeling Fuzzy Spatio-Temporal 
Objects
In order to model topological relationships be-
tween fuzzy spatio-temporal objects, the first 
problem is how to model fuzzy spatio-temporal 
objects because these objects are the basic opera- 
tions of fuzzy topological relationships. In this 
section, we first review fuzzy spatial objects in 
Section 4.1, and then, taking it as a basis, we 
give the formal definition of fuzzy spatio-tem-
proal objects called moving fuzzy points, mo- 
ving fuzzy lines, and moving fuzzy regions in 
Section 4.2.
4.1. Fuzzy Spatial Data Types
In order to model fuzzy spatio-temporal ob-
jects, it is necessary for one to fully understand 
the basic spatial data types, such as points, 
lines, and regions. In terms of a crisp case, crisp 
points, lines, and regions have been widely dis-
cussed in [32]. In terms of fuzzy case, Liu et 
al. [12], Schneider [33], Pauly et al. [34] and 
Tang et al. [35] have proposed the definitions 
of fuzzy points, fuzzy lines and fuzzy regions. 
In the following, we summarize the definitions 
as follows.
Definition 1 (Fuzzy point). A fuzzy point is a 
point, and its exact location is unknown, but 
its possible locations may be in a certain area. 
Let P be a fuzzy point. Then P consists of three 
parts: a boundary (∂P), an exterior (P–), and 
an interior (P0), where ∂P can be empty. For 
any ∂P, there is a membership function μp (x, y) 
such that 0 < μp ≤ 1, where x and y denote the 
x-coordinate and y-coordinate of fuzzy point P, 
respectively. An illustration of fuzzy point P is 
shown in Figure 2.
Definition 2 (Fuzzy line). A fuzzy line is a line 
for which the exact shape, position or lengths 
are not known, but it is known in which area 
the line must be. Let L be a fuzzy line, ∂L be a 
boundary of L, L– be an exterior of L, L0 be an 
interior of L. For any ∂L, there is a membership 
function μL (x, y) such that 0 < μL ≤ 1, where x 
and y denote the x-coordinate and y-coordinate 
of fuzzy line L, respectively. An illustration of 
fuzzy line L is shown in Figure 3.
Definition 3 (Fuzzy region). A fuzzy region R is 
a region with fuzzy boundaries, which is made 
up of two crisp regions, Rd and Rf , where Rd 
describes the determinate part of R, and Rf de-
scribes the fuzzy part of A. ∂Rd and ∂Rf , repre-
senting the two fuzzy boundaries, are the inner 
and outer boundaries of R, respectively, where 
μRd = 1, and μRf = 0 describe the degrees of mem-
bership belonging to determinate part. It is im-
portant to note that the degree of membership 
decreases as the fuzzy part moves away from 
the determinate one. R– is an exterior of the re-
gion R. A fuzzy region is illustrated in Figure 4 
with the determinate Rd, the inner boundary ∂Rd, 
the outer boundary ∂Rf , and the exterior R–.
4.2. Modeling of Fuzzy Spatio-temporal 
Objects
Before modeling topological relationships be-
tween fuzzy spatio-temporal objects, we first 
need to model fuzzy spatio-temporal objects. 
As mentioned in Section 4.1, fuzzy spatial ob-
jects (also called fuzzy spatial data types) are 
considered as static objects which include fuzzy 
points, fuzzy lines and fuzzy regions. Com-
pared with them, fuzzy spatio-temporal objects 
are viewed as moving objects, the positions of 
which change over time. In other words, fuzzy 
spatio-temporal objects represent the change of 
fuzzy spatial objects over time.
Based on fuzzy spatial objects [12], [34], [35] 
and the representation of motion model [23], 
we first give a formal definition of motion.
Definition 4 (Motion). The motion of a moving 
object is a continuous function of fuzzy spatio-tem- 
poral data types FST from fuzzy time ftime to 
fuzzy spatial data types FS:
FST: ftime → FS,
Here, FS denotes fuzzy spatial data types inclu- 
ding fuzzy points, fuzzy lines and fuzzy regions. 
FST represents all total functions from ftime to 
FS. The symbol of ftime represents fuzzy time 
with a degree of membership μtime → [0, 1].
From the above definition, it is shown that fuzzy 
spatial objects change continuously over time. 
Fuzziness is mainly reflected in spatial data 
types and time. And the definition describes not 
only continuous change of fuzzy spatio-tem-
poral objects, but also discrete change. If ftime 
denotes a time point, then the definition can 
describe a discrete change. If ftime denotes a 
time interval, then the definition can describe a 
continuous change.
Now, we define fuzzy spatio-temporal objects. 
Fuzzy spatio-temporal objects can be seen as 
fuzzy spatio-temporal data types which describe 
continuous movement of fuzzy spatial data types. 
As we have stated in Section 4.1, fuzzy spatial 
objects comprise fuzzy point, fuzzy line, and 
fuzzy region. Thus, we define fuzzy spatio-tem- 
poral objects as moving fuzzy points, mo- 
ving fuzzy lines (or called evolving fuzzy lines), 
and moving fuzzy regions (or called evolving 
fuzzy regions). Based on the Definition 4, we 
give the formal definitions of the three kinds of 
fuzzy spatio-temporal objects.
Definition 5. Let mfpoint, mfline, and mfregion 
denote moving fuzzy points, moving fuzzy 
lines, and moving fuzzy regions. They are de-
fined as follows:
Figure 2. An illustration of a fuzzy point P.
Figure 3. An illustration of a fuzzy line L.
Figure 4. An illustration of a fuzzy region R with fuzzy 
boundaries.
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mfpoint = {FST : ftime → FS |  
     ∀ t ∈ domain (FST), FST (t) ∈ fuzzy point}
mfline = {FST : ftime → FS |  
     ∀ t ∈ domain (FST), FST (t) ∈ fuzzy line}
mfregion = {FST : ftime → FS |  
     ∀ t ∈ domain (FST), FST (t) ∈ fuzzy region}
From the definition above, we can see that 
fuzzy spatio-temporal objects describe continu-
ous movement of fuzzy spatial objects. In order 
to well understand these fuzzy spatio-temporal 
objects, we give the following explanations.
 ● mfpoint: the positions of a fuzzy point 
change over time, which forms a fuzzy 
point motion trajectory. Take ships for 
example, a ship waiting in the queue for 
crossing "Qiongzhou Strait" can be repre-
sented by a moving fuzzy point since it is 
found at a certain point, but may change its 
position from time to time.
 ● mfline: the positions and routes of a fuzzy 
line change over time, which forms a fuzzy 
line motion trajectory. For example, a river 
can be represented by a moving fuzzy 
line objects (or called evolving fuzzy line 
object) since a river's changing line can 
change over floods and drought.
 ● mfregion: the positions of a fuzzy region 
change over time, which forms a fuzzy 
region motion trajectory. For instance, we 
view hurricane as a moving fuzzy region 
since its boundaries can be fuzzy and its 
positions also change over time.
Now, let us give the graphical representation of 
fuzzy spatio-temporal objects. In order to clearly 
represent the continuity of fuzzy spatio-tem- 
poral objects, we utilize a discrete representa-
tion called sliced presentation [36] which de-
composes the temporal development of a value 
into many sections called "slices" such that 
within a slice this development of objects can 
be expressed by some simple function. Here, 
we take an example to illustrate the fuzzy spa-
tio-temporal objects. 
As shown in Figure 5, for a moving fuzzy re-
gion O, time is sliced into three sections de-
noted by t1, t2 and t3, respectively (t1 < t2 < t3). 
The time can be fuzzy with a degree of mem-
bership denoted by μt1, μt2 and μt3. When time = 
t1, the position of O is shown in the left graphic. 
The middle graphic shows the position of O at 
time = t2. Similarly, the right graphic illustrates 
the position of O at time = t3.
Derived from Figure 5, an illustration of a mo- 
ving fuzzy region O during time interval I 
(from t1 to t3) is obtained in Figure 6, in which 
the time axis is regarded as the third geometric 
dimension. In other words, Figure 6 represents 
the trajectory of a fuzzy region O during time 
interval I (from t1 to t3). For reasons of space, 
we only give a graphical representation of a 
moving fuzzy region. For the graphical rep-
resentation of the other fuzzy spatio-temporal 
objects, the method is the same as the one of 
moving fuzzy points. Here, we do not elaborate 
them in detail.
Next, let us consider an application scenario of 
modeling fuzzy spatio-temporal objects.
Example 1. Consider a discrete spatio-tem-
poral phenomenon. The borders of a lake can 
change because of seasonal rainfall within a 
year. Seasonal changes affect the gray belt 
around the lake. The gray belt is a border. The 
borders of the lake are indeterminate since dif-
ferent season can have different amount of rain-
fall. Hence, the lake with imprecise borders can 
be abstracted to fuzzy spatio-temporal object.
Figure 7 shows the results of changes of the bor-
ders of a fuzzy lake object over season. Every 
color represents one border of the lake region 
at a certain season. For representation of fuz- 
ziness, every color has a membership value. As 
we have mentioned, the actual borders of the 
lake region can change position and shape due 
to the amount of rainfall in different seasons. 
The center region shows the minimum shape of 
a lake in winter and the borders have a mem-
bership value 1. In summer, we assume that the 
borders have a membership value [0, 0.2]. The 
example illustrates the modeling of fuzzy spa-
tio-temporal objects.
The model of fuzzy spatio-temporal objects not 
only describes discrete lake region, but it also 
represents a continuous spatio-temporal phe-
nomenon. The most typical application is the 
representation of moving objects. For example, 
a moving car in city traffic that changes position 
over time can be represented as a moving fuzzy 
point. A moving typhoon can be abstracted to 
a moving fuzzy region since it changes posi-
tion over time and its borders are also indeter-
minate. In addition, the meteorological pheno- 
mena can be described by fuzzy spatio-tempo-
ral objects. For instance, foggy regions, windy 
regions, and wavy regions can be abstracted to 
moving fuzzy regions.
It is important to point out that some fuzzy spa-
tio-temporal objects are static or do not move 
during some time intervals. That is, the posi-
tions of some fuzzy points, fuzzy regions or 
fuzzy lines do not change over time. For exam-
ple, one river or mountain does not change dur-
ing a long peroid of time. Whether fuzzy spa-
tio-temporal objects are dynamic or static, their 
topological relationships should be modeled.
Topological relationships between spatio-tem-
poral objects are the most fundamental ele-
ments in many applications [20]. A major be- 
nefit of topological relationships is that they can 
be used for spatio-temporal query in databases 
and reasoning in knowledge bases. In the next 
section, we will present a modeling of topolo- 
gical relationships between fuzzy spatio-tem-
poral objects. When fuzzy spatio-temporal ob-
jects are static or their topological relationships 
do not change during a time interval, we should 
model basic topological relationships which 
will be discussed in Section 5. When fuzzy spa-
tio-temporal objects are dynamic, we should 
model complex topological relationships de-
scribing the evolution of basic topological rela-
tionships, which will be discussed in Section 6.
5. Modeling Basic Topological 
Relationships
In this section, we first propose a model of ba-
sic topological relationships between fuzzy spa- 
tio-temporal objects (see Section 5.1). Then, 
using the model, we identify topological rela-
tionships between two fuzzy spatio-temporal 
objects (see Section 5.2).
Figure 5. The position change of a moving fuzzy region O: 
(i) the left graphic shows the position at time t1; 
(ii) the middle graphic shows the position at time t2; 
(iii) the right graphic illustrates the position at time = t3.
Figure 6. An illustration of a moving fuzzy region O 
during one time peroid derived from Figure 5.
Figure 7. The changes of the borders of fuzzy lake 
region  over season.
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     ∀ t ∈ domain (FST), FST (t) ∈ fuzzy line}
mfregion = {FST : ftime → FS |  
     ∀ t ∈ domain (FST), FST (t) ∈ fuzzy region}
From the definition above, we can see that 
fuzzy spatio-temporal objects describe continu-
ous movement of fuzzy spatial objects. In order 
to well understand these fuzzy spatio-temporal 
objects, we give the following explanations.
 ● mfpoint: the positions of a fuzzy point 
change over time, which forms a fuzzy 
point motion trajectory. Take ships for 
example, a ship waiting in the queue for 
crossing "Qiongzhou Strait" can be repre-
sented by a moving fuzzy point since it is 
found at a certain point, but may change its 
position from time to time.
 ● mfline: the positions and routes of a fuzzy 
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since its boundaries can be fuzzy and its 
positions also change over time.
Now, let us give the graphical representation of 
fuzzy spatio-temporal objects. In order to clearly 
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Derived from Figure 5, an illustration of a mo- 
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(from t1 to t3) is obtained in Figure 6, in which 
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dimension. In other words, Figure 6 represents 
the trajectory of a fuzzy region O during time 
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fuzzy lines do not change over time. For exam-
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ing a long peroid of time. Whether fuzzy spa-
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poral objects are the most fundamental ele-
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5.1. Formal Definition of Basic Topological 
Relationships
In order to well understand fuzzy spatio-tem-
poral relationships which will be defined in the 
following, we first discuss the time problem re-
lated to those relationships.
Suppose that t1 and t2 denote the time domains 
of fuzzy spatio-temporal objects O1 and O2, re-
spectively. For the valid fuzzy time, we can ana- 
lyze four situations: (i) t1 and t2 must be totally 
defined, which is a prerequisite of the fuzzy 
spatio-temporal relationships; (ii) if t1 ∩ t2 = ∅, 
then the valid fuzzy time does not exist; (iii) if 
t1 ∩ t2 ≠ ∅, then the valid fuzzy time of fuzzy 
spatio-temporal relationship between O1 and O2 
is the intersection of t1 and t2; (iv) if t1 ⊂ t2, then 
the valid fuzzy time is t1; (v) if t2 ⊂ t1, then the 
valid fuzzy time is t2; Accordingly, we define 
the valid fuzzy time t as the intersection of t1 
and t2. Hence, in the perspective of fuzzy time 
of fuzzy spatio-temporal relationship, we only 
consider the valid fuzzy time of two fuzzy spa-
tio-temporal objects. That is, we only research 
the fuzzy spatio-temporal topological relation-
ships which hold at the same time interval or 
time point.
Now, we give the formal definition of basic to-
pological relationships. As described in Section 
4.1, a fuzzy spatial type (fuzzy spatial object) 
consists of a boundary, an exterior, and an inte-
rior. Hence, based on the 3 × 3-intersection ma-
trix model presented in [22], we propose a new 
9-intersection model for identifying basic topo-
logical relations between two fuzzy spatio-tem- 
poral objects.
Definition 6 (Fuzzy Spatio-temporal Relation-
ships). Let A, B denote two fuzzy spatio-tem-
poral objects represented in Definition 5 and ∩t 
denote intersection during time interval t. Let 
∂A, A‒, and A0 (∂B, B‒, and B0) be a fuzzy part, 
exterior, determinate part of A (B). Fuzzy spa-
tio-temporal relationship R between A and B 
during time interval t is defined as:
( )
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A B A B A B
−
−
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(2)
It should be noted that every element of the 
3 × 3-intersection matrix contains either a 0 or a 
1 which denote whether that intersection (∩t) is 
empty or non-empty respectively. ∩t indicates 
that the topological relationship holds during 
time interval t. In the following, we give the 
definition of ∩t.
Definition 7. Given two fuzzy spatio-temporal 
objects A and B, let tA and tB denote the time 
intervals of A and B, respectively. Then the ∩t 
can be defined as:
( ) ( )
( ) ( )
0 0
0 0
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By examining the elements of the 9-intersec-
tion model, we can identify topological rela-
tionships between two fuzzy spatio-temporal 
objects. 
It should be noted that our proposed spatio-tem-
poral topological relations cannot deal with the 
continuous transition of membership degrees of 
the fuzzy spatial objects. This problem will be 
studied in future work. Next, we will study the 
identification of topological relationships.
5.2. Identification of Topological 
Relationships
Based on the new 9-intersection model, a total 
of 29 = 512 possible topological relations can 
be obtained. However, not all of the topologi-
cal relations can be represented in the reality. 
Thus, we need to identify possible topological 
relationships. In the following, we first give the 
conditions which the above 3 × 3-intersection 
matrix must satisfy.
 ● each part of A (∂A, A–, and A0) must inter-
sect with at least one part of B (∂B, B–, and 
B0), and vice versa.
 ● if A0 ∩t B0 and A– ∩t B0 are 1, then ∂A ∩t B0 
must be 1, and vice versa.
 ● if A0 ∩t ∂B and ∂A ∩t B0 are 1, then ∂A ∩t ∂B 
must be 1.
 ● if A0 ∩t B0 is 0 and A0 ∩t ∂B is 1, then 
∂A ∩t ∂B must be 1.
 ● if A0 ∩t B0 and ∂A ∩t B0 are 1, then A– ∩t B0 
must be 0, and vice versa.
 ● if A0 ∩t ∂B and A– ∩t ∂B are 1, then ∂A ∩t ∂B 
must be 1, and vice versa.
Now, we discuss the identification of topolo- 
gical relationships between two fuzzy spatio-tem- 
poral objects. It should be noted that, due to the 
limitations on the length of this paper, we only 
investigate topological relationships among two 
moving fuzzy points, one moving fuzzy point 
to one moving fuzzy region, and two moving 
fuzzy regions. The topological relationships 
among one moving fuzzy point to one moving 
fuzzy line, two moving fuzzy lines, and one 
moving fuzzy line to one moving fuzzy region 
will be studied and reported in a seperate paper. 
In the following, we discuss the identification 
of topological relationships in the cases of 
mfpoint/mfpoint, mfpoint/mfregion, and mfre-
gion/mfregion. Each case includes three steps: 
(i) identifying topological relationships by 
the above matrix, (ii) defining basic relations 
according to the intuitional meaning, and 
(iii) grouping topological relationships identi-
fied into basic relations.
1. In the case of mfpoint/mfpoint.
Based on above conditions, by eliminating those 
relationships that are not realized, we can iden-
tify 3 different topological relations between 
two moving fuzzy points. The relationships be-
tween two moving fuzzy points are shown in 
Figure 8, and they include the value of matrix 
plus the support view of 3-dimensional spaces.
From the Figure 8, we can see that either two 
moving fuzzy points are always disjoint, or the 
two moving fuzzy points can always meet, or 
the two moving fuzzy points can meet possibly. 
Due to the fuzziness of relationships, the exist-
ing spatial relationships (e.g., disjoint, meet) are 
no longer valid for these moving fuzzy points. 
According to the intuitional meaning of three 
topological relations we give the formal defi-
nition of three basic topological relationships 
between two moving fuzzy points.
Definition 8. Let A and B denote two moving 
fuzzy points, and let t be a temporal point or 
a temporal interval. Time domains of A and B 
are given by domain(A) and domain(B), respec-
tively. Fuzzy topological relationships between 
two moving fuzzy points are defined as follows.
Disjoint (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
           A0 ∩t B0 = ∅ ˄ A0 ∩t ∂B = ∅ ˄ ∂A ∩t B0 
                         = ∅ ˄ ∂A ∩t ∂B = ∅.
Meet (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
           A0 ∩t ∂B0 = ∅ ˄ ∂A ∩t B0 = ∅ ˄ A0 ∩t B– 
                           = ∅ ˄ A
– ∩t B0 = ∅.
FPPMeet (A, B, t) = ∃ t ∈ domain(A) ∩ domain(B): 
                ¬ Disjoint (A, B, t) ˄ ¬ Meet (A, B, t).
This definition means that there are 3 kinds of 
fuzzy topological relationships between two 
moving fuzzy points. The Disjoint means that 
two moving fuzzy points always disjoint each 
other during a time interval t or at a time point 
t. Similarly, Meet indicates that two moving 
fuzzy points always meet each other. Besides, 
the FPPMeet is used to deal with this case that 
two moving fuzzy points can meet with a de-
gree during a time interval or at a time point. 
Figure 8. The three basic topological relationships between two moving fuzzy points.
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lyze four situations: (i) t1 and t2 must be totally 
defined, which is a prerequisite of the fuzzy 
spatio-temporal relationships; (ii) if t1 ∩ t2 = ∅, 
then the valid fuzzy time does not exist; (iii) if 
t1 ∩ t2 ≠ ∅, then the valid fuzzy time of fuzzy 
spatio-temporal relationship between O1 and O2 
is the intersection of t1 and t2; (iv) if t1 ⊂ t2, then 
the valid fuzzy time is t1; (v) if t2 ⊂ t1, then the 
valid fuzzy time is t2; Accordingly, we define 
the valid fuzzy time t as the intersection of t1 
and t2. Hence, in the perspective of fuzzy time 
of fuzzy spatio-temporal relationship, we only 
consider the valid fuzzy time of two fuzzy spa-
tio-temporal objects. That is, we only research 
the fuzzy spatio-temporal topological relation-
ships which hold at the same time interval or 
time point.
Now, we give the formal definition of basic to-
pological relationships. As described in Section 
4.1, a fuzzy spatial type (fuzzy spatial object) 
consists of a boundary, an exterior, and an inte-
rior. Hence, based on the 3 × 3-intersection ma-
trix model presented in [22], we propose a new 
9-intersection model for identifying basic topo-
logical relations between two fuzzy spatio-tem- 
poral objects.
Definition 6 (Fuzzy Spatio-temporal Relation-
ships). Let A, B denote two fuzzy spatio-tem-
poral objects represented in Definition 5 and ∩t 
denote intersection during time interval t. Let 
∂A, A‒, and A0 (∂B, B‒, and B0) be a fuzzy part, 
exterior, determinate part of A (B). Fuzzy spa-
tio-temporal relationship R between A and B 
during time interval t is defined as:
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It should be noted that every element of the 
3 × 3-intersection matrix contains either a 0 or a 
1 which denote whether that intersection (∩t) is 
empty or non-empty respectively. ∩t indicates 
that the topological relationship holds during 
time interval t. In the following, we give the 
definition of ∩t.
Definition 7. Given two fuzzy spatio-temporal 
objects A and B, let tA and tB denote the time 
intervals of A and B, respectively. Then the ∩t 
can be defined as:
( ) ( )
( ) ( )
0 0
0 0
A Bt t t
A B A B
A B A A A B B B
A t t B t t
− −
∩∩ = ∂ ∨ ∨ ∩ ∂ ∨ ∨
∧ ∩ ≠ ∅∧ ∩ ≠∅
By examining the elements of the 9-intersec-
tion model, we can identify topological rela-
tionships between two fuzzy spatio-temporal 
objects. 
It should be noted that our proposed spatio-tem-
poral topological relations cannot deal with the 
continuous transition of membership degrees of 
the fuzzy spatial objects. This problem will be 
studied in future work. Next, we will study the 
identification of topological relationships.
5.2. Identification of Topological 
Relationships
Based on the new 9-intersection model, a total 
of 29 = 512 possible topological relations can 
be obtained. However, not all of the topologi-
cal relations can be represented in the reality. 
Thus, we need to identify possible topological 
relationships. In the following, we first give the 
conditions which the above 3 × 3-intersection 
matrix must satisfy.
 ● each part of A (∂A, A–, and A0) must inter-
sect with at least one part of B (∂B, B–, and 
B0), and vice versa.
 ● if A0 ∩t B0 and A– ∩t B0 are 1, then ∂A ∩t B0 
must be 1, and vice versa.
 ● if A0 ∩t ∂B and ∂A ∩t B0 are 1, then ∂A ∩t ∂B 
must be 1.
 ● if A0 ∩t B0 is 0 and A0 ∩t ∂B is 1, then 
∂A ∩t ∂B must be 1.
 ● if A0 ∩t B0 and ∂A ∩t B0 are 1, then A– ∩t B0 
must be 0, and vice versa.
 ● if A0 ∩t ∂B and A– ∩t ∂B are 1, then ∂A ∩t ∂B 
must be 1, and vice versa.
Now, we discuss the identification of topolo- 
gical relationships between two fuzzy spatio-tem- 
poral objects. It should be noted that, due to the 
limitations on the length of this paper, we only 
investigate topological relationships among two 
moving fuzzy points, one moving fuzzy point 
to one moving fuzzy region, and two moving 
fuzzy regions. The topological relationships 
among one moving fuzzy point to one moving 
fuzzy line, two moving fuzzy lines, and one 
moving fuzzy line to one moving fuzzy region 
will be studied and reported in a seperate paper. 
In the following, we discuss the identification 
of topological relationships in the cases of 
mfpoint/mfpoint, mfpoint/mfregion, and mfre-
gion/mfregion. Each case includes three steps: 
(i) identifying topological relationships by 
the above matrix, (ii) defining basic relations 
according to the intuitional meaning, and 
(iii) grouping topological relationships identi-
fied into basic relations.
1. In the case of mfpoint/mfpoint.
Based on above conditions, by eliminating those 
relationships that are not realized, we can iden-
tify 3 different topological relations between 
two moving fuzzy points. The relationships be-
tween two moving fuzzy points are shown in 
Figure 8, and they include the value of matrix 
plus the support view of 3-dimensional spaces.
From the Figure 8, we can see that either two 
moving fuzzy points are always disjoint, or the 
two moving fuzzy points can always meet, or 
the two moving fuzzy points can meet possibly. 
Due to the fuzziness of relationships, the exist-
ing spatial relationships (e.g., disjoint, meet) are 
no longer valid for these moving fuzzy points. 
According to the intuitional meaning of three 
topological relations we give the formal defi-
nition of three basic topological relationships 
between two moving fuzzy points.
Definition 8. Let A and B denote two moving 
fuzzy points, and let t be a temporal point or 
a temporal interval. Time domains of A and B 
are given by domain(A) and domain(B), respec-
tively. Fuzzy topological relationships between 
two moving fuzzy points are defined as follows.
Disjoint (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
           A0 ∩t B0 = ∅ ˄ A0 ∩t ∂B = ∅ ˄ ∂A ∩t B0 
                         = ∅ ˄ ∂A ∩t ∂B = ∅.
Meet (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
           A0 ∩t ∂B0 = ∅ ˄ ∂A ∩t B0 = ∅ ˄ A0 ∩t B– 
                           = ∅ ˄ A
– ∩t B0 = ∅.
FPPMeet (A, B, t) = ∃ t ∈ domain(A) ∩ domain(B): 
                ¬ Disjoint (A, B, t) ˄ ¬ Meet (A, B, t).
This definition means that there are 3 kinds of 
fuzzy topological relationships between two 
moving fuzzy points. The Disjoint means that 
two moving fuzzy points always disjoint each 
other during a time interval t or at a time point 
t. Similarly, Meet indicates that two moving 
fuzzy points always meet each other. Besides, 
the FPPMeet is used to deal with this case that 
two moving fuzzy points can meet with a de-
gree during a time interval or at a time point. 
Figure 8. The three basic topological relationships between two moving fuzzy points.
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It is worth mentioning that the degree of topo-
logical relations FPPMeet can be defined by 
domain experts.
Based on the definition above, we group 3 to-
pological relations shown in Figure 8 into three 
basic relations. The basic topological relation-
ships, Disjoint, Meet and FPPMeet, corre-
spond to the relations 1, 3 and 2 in Figure 8, 
respectively.
2. In the case of mfpoint/mfregion.
Similarly to the previous case, we can distin-
guish 6 different topological relations between 
moving fuzzy point to moving fuzzy region. The 
geometric representations and their correspond-
ing intersection matrices are shown in Figure 9.
According to the intuitional meaning of six 
topological relations, we give the formal defi- 
nition of six basic topological relationships be-
tween moving fuzzy point to moving fuzzy re-
gion.
Definition 9. Let P and R denote a moving 
fuzzy point and a moving fuzzy region, respec-
tively, and let t be a temporal point or a temporal 
interval. Time domains of P and R are given by 
domain(P) and domain(R), respectively. Fuzzy 
spatio-temporal topological relationships be-
tween moving fuzzy point to moving fuzzy re-
gion are defined as follows.
Disjoint (P, R, t) = ∀ t ∈ domain(P) ∩ domain(R): 
         P0 ∩t Rd = ∅ ˄ P0 ∩t Rf = ∅ ˄ ∂P ∩t Rd 
                         = ∅ ˄ ∂P ∩t Rf = ∅.
FPRDisjoint (P, R, t) = ∃ t ∈ domain(P) ∩ domain(R): 
               (P
0 ∩t Rd = ∅ ˄ ∂P ∩t Rd = ∅) ˅  
               (P
0 ∩t Rd = ∅ ˄ ∂P ∩t Rd  
                              = ∅ ˄ P0 ∩t R–  
                              = ∅ ˄ ∂P ∩t R– = ∅).
Figure 9. The six relationships between a moving fuzzy point to a moving fuzzy region.
Inside (P, R, t) = ∀ t ∈ domain(P) ∩ domain(R): 
       P0 ∩t R– = ∅ ˄ P0 ∩t Rf = ∅ ˄ ∂P ∩t R– 
                        = ∅ ˄ ∂P ∩t Rf = ∅.
FPRInside (P, R, t) = ∃ t ∈ domain(P) ∩ domain(R): 
                  (P0 ∩t Rd = ∅ ˄  ∂P ∩t Rd = ∅ ˄  P0 ∩t R– 
                        = ∅ ˄ ∂P ∩t R– = ∅ ) ˅      
             (P0 ∩t R– = ∅ ˄ ∂P ∩t R– = ∅).
Meet (P, R, t) = ∀ t ∈ domain(P) ∩ domain(R): 
∂P = ∅ ˄ Rf = ∅ ˄ P0 ∩t Rd = ∅.
FPRMeet (P, R, t) = ∃ t ∈ domain(P) ∩ domain(R): 
FPRDisjoint (P, R, t) ˅ FPRInside (P, R, t).
From the definition above, we can see that 
there are 6 kinds of basic topological relation-
ships between moving fuzzy point to moving 
fuzzy region. For the Disjoint, we can say that 
a moving fuzzy point and a moving fuzzy re-
gion are always disjoint during a time interval 
t or at a time point t. The relation FPRDisjoint 
holds if the boundaries and determinate parts of 
the moving fuzzy point intersect with the outer 
boundaries or fuzzy parts of the moving fuzzy 
region. Similarly, the Inside is used to deal with 
this case that the moving fuzzy point is always 
inside the moving fuzzy region. The FPRInside 
holds if the boundary of the moving fuzzy point 
is located on the boundary of the moving fuzzy 
regon or the moving point is inside the fuzzy 
parts of the moving region. Moreover, Meet 
indicates that the moving fuzzy point certainly 
meets the moving region when the two objects 
are crisp and the two crisp parts definitely meet. 
FPRMeet means that a moving fuzzy point and 
a moving fuzzy region will be disjoint with 
some possibility or a moving point will be in-
side a moving region with some possibility.
Based on the definition above, 6 topological re-
lations shown in Figure 9 can be grouped into 
six basic relations. The result of grouping these 
topological relations into the six basic relations 
is shown in Table 3.
3. In the case of mfregion/mfregion.
Similarly to the previous case, 50 different to-
pological relations can be identified between 
two moving fuzzy regions. The relationships 
between two moving fuzzy regions are shown in 
Figure 10, and they include the value of matrix 
plus the support view of 3-dimensional spaces.
In the following, we define formally 16 basic 
topological relationships between two moving 
fuzzy regions.
Definition 10. Let A and B denote two mov-
ing fuzzy regions, and let t be a temporal point 
or a temporal interval. Time domains of A and 
B are given by domain(A) and domain(B), re-
spectively. Fuzzy spatio-temporal predicates 
between two moving fuzzy regions are defined 
as follows.
Disjoint (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
         Ad ∩t Bd = ∅ ˄ Ad ∩t Bf = ∅ ˄ Af ∩ Bd 
                          = ∅ ˄ Af ∩t Bf = ∅
FRRDisjoint (A, B, t) = ∃ t ∈ domain(A) ∩ domain(B): 
¬ Disjoint (A, B, t) ˄ Ad ∩t Bd 
                               = ∅ ˄ ∂Ad ∩t ∂Bf = ∅
Meet (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
         Ad ∩t Bf = ∅ ˄ Ad ∩t B– = ∅ ˄ Af ∩ Bd 
                       = ∅ ˄ Af ∩t Bf = ∅ ˄ Af ∩t B
– 
                       = ∅ ˄ A
–
 ∩ Bd = ∅ ˄ A
–
 ∩t Bf = ∅.
FRRMeet (A, B, t) = ∃ t ∈ domain(A) ∩ domain(B): 
(¬Meet (A, B, t) ˄ Ad ∩t Bd = ∅ ˄ ∂Ad ∩t ∂Af ≠ ∅) 
                            ˅ FRRDisjoint (A, B, t).
Inside (A, B, t) = ∃ t ∈ domain(A) ∩ domain(B): 
            Ad ∩t Bf = ∅ ˄ Ad ∩t B
– = ∅ ˄ Af ∩ Bf  
                        = ∅ ˄ Af ∩t B– = ∅
FRRInside (A, B, t) = ∃ t ∈ domain(A) ∩ domain(B): 
¬Inside (A, B, t) ˄ Ad ∩t B
–
 = ∅ ˄ ∂Ad ∩t ∂Bf = ∅.
Table 3.  The result of grouping topological  
relationships into the six basic relations.





FPRMeet 2, 4, 5
Inside 6
FPRInside 3, 5
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spond to the relations 1, 3 and 2 in Figure 8, 
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fuzzy region. For the Disjoint, we can say that 
a moving fuzzy point and a moving fuzzy re-
gion are always disjoint during a time interval 
t or at a time point t. The relation FPRDisjoint 
holds if the boundaries and determinate parts of 
the moving fuzzy point intersect with the outer 
boundaries or fuzzy parts of the moving fuzzy 
region. Similarly, the Inside is used to deal with 
this case that the moving fuzzy point is always 
inside the moving fuzzy region. The FPRInside 
holds if the boundary of the moving fuzzy point 
is located on the boundary of the moving fuzzy 
regon or the moving point is inside the fuzzy 
parts of the moving region. Moreover, Meet 
indicates that the moving fuzzy point certainly 
meets the moving region when the two objects 
are crisp and the two crisp parts definitely meet. 
FPRMeet means that a moving fuzzy point and 
a moving fuzzy region will be disjoint with 
some possibility or a moving point will be in-
side a moving region with some possibility.
Based on the definition above, 6 topological re-
lations shown in Figure 9 can be grouped into 
six basic relations. The result of grouping these 
topological relations into the six basic relations 
is shown in Table 3.
3. In the case of mfregion/mfregion.
Similarly to the previous case, 50 different to-
pological relations can be identified between 
two moving fuzzy regions. The relationships 
between two moving fuzzy regions are shown in 
Figure 10, and they include the value of matrix 
plus the support view of 3-dimensional spaces.
In the following, we define formally 16 basic 
topological relationships between two moving 
fuzzy regions.
Definition 10. Let A and B denote two mov-
ing fuzzy regions, and let t be a temporal point 
or a temporal interval. Time domains of A and 
B are given by domain(A) and domain(B), re-
spectively. Fuzzy spatio-temporal predicates 
between two moving fuzzy regions are defined 
as follows.
Disjoint (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
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        Contains (A, B, t) = Inside (B, A, t),  
FRRContains (A, B, t) = FRRInside (B, A, t).
Coveredby (A, B, t) = ∀ t ∈domain(A) ∩ domain(B): 
               Ad ∩t Bf = ∅ ˄ Ad ∩t B
– 
                            = ∅ ˄ ∂Ad ∩t ∂Bd ≠ ∅ ˄ Af ∩t Bf 
                            = ∅ ˄ Af ∩t B– = ∅.
FRRCoveredby (A, B, t) 
                       = ∃ t ∈ domain(A) ∩ domain(B): 
¬ Coveredby (A, B, t) ˄ FRRInside (A, B, t) 
                       ˄ ∂Ad ∩t ∂Bf ≠ ∅.
        Covers (A, B, t) = Coveredby (B, A, t), 
FRRCovers (A, B, t) = FRRCoveredby (B, A, t).
Equal (A, B, t) = ∀ t ∈ domain(A) ∩ domain(B): 
                    Af = ∅ ˄ Bf = ∅ ˄ Ad ∩t Bd 
                        ≠ ∅ ˄ ∂Ad ∩t ∂Bd ≠ ∅ ˄ Ad ∩t ∂Bd 
                        ≠ ∅ ˄ ∂Ad ∩t Bd ≠ ∅.
FRREqual (A, B, t) = ∃ t ∈domain(A) ∩ domain(B): 
  ¬ Equal (A, B, t) ˄ FRRInside (A, B, t).
Overlap (A, B, t) = ∀ t ∈domain(A) ∩ domain(B): 
    Ad ∩t Bd ≠ ∅ ˄ Ad ∩t B
– ≠ ∅ ˄ A– ∩t Bd ≠ ∅.
Figure 10. The 50 relationships between two moving fuzzy regions.
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        Contains (A, B, t) = Inside (B, A, t),  
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Figure 10. The 50 relationships between two moving fuzzy regions.
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FRROverlap (A, B, t) = ∃ t ∈domain(A) ∩ domain(B): 
¬ Overlap (A, B, t) ˄ ¬ Disjoint (A, B, t) ˄ 
     ¬ Meet (A, B, t) ˄ ¬ Inside (A, B, t) ˄ 
¬ Contains (A, B, t) ˄ ¬ Coveredby (A, B, t) ˄ 
  ¬ Covers (A, B, t) ˄ ¬ Equal (A, B, t).
For two moving fuzzy regions A and B during a 
period of time t, the Disjoint relationship holds 
if all components (including determinate and 
fuzzy parts) are always disjoint with each other. 
In the exclusion of the case of Disjoint, if the 
determinate parts of two objects do not intersect 
and their boundaries also do not intersect, then 
two moving fuzzy regions will be disjoint with 
some possibilities. The Meet relationship de-
scribes the situation that the inner boundaries of 
the two objects intersect, but their determinate 
parts do not intersect and their fuzzy parts do not 
intersect either. The FRRMeet relationship in-
cludes two situations: (i) FRRDisjoint; (ii) in the 
exclusion of the case of Meet, their determinate 
parts do not intersect, but their inner bounda- 
ries intersect. The relationship Inside holds if 
the determinate and fuzzy parts of A are inside 
the determinate of B. The relation FRRInside 
holds if the determinate of A is inside the outer 
boundaries ∂Bf of B, but the inner boundaries 
∂Ad of A do not intersect with the outer bound-
aries ∂Bf of B. The relation Contains is sym-
metric to Inside. Hence, the relations Contains 
and FRRContains are symmetric to Inside and 
FRRContains, respectively.
For two moving fuzzy regions A, B during a pe-
riod of time t, A is definitely covered by B if the 
determinate and fuzzy parts of A are inside the 
determinate part of B and the inner boundaries 
∂Ad of A intersect the inner boundaries ∂Bd of 
B. The FRRCoveredby relation holds if the mo- 
ving fuzzy region A is possibly inside the object 
B and the inner boundaries ∂Ad of A intersect 
the outer boundaries ∂Bf of B in the exclusion 
of the case of Coveredby relation. Since the re-
lation Coveredby is symmetric to Covers, the 
Covers and FRRCovers relations are symmet-
ric to Coveredby and FRRCoveredby, respec-
tively. In addition, for the fuzzy spatio-tempo-
ral objects A and B, if their determinate parts 
are equal and their fuzzy parts are empty, then 
we can say that the two objects are definitely 
equal; if A is possibly inside B in the exclusion 
of the case of Equal, then we can say that the 
objects A and B are equal with some possibili-
ties. The Overlap relation between two moving 
fuzzy regions A and B holds if their determinate 
parts intersect each other and also intersect their 
whole exteriors. The relation of FRROverlap 
describes a situation which excludes 7 definite 
relations mentioned before.
Based on the definition above, the 50 topologi-
cal relations shown in Figure 10 can be grouped 
into 16 basic relations.
The result of grouping these topological rela-
tions into 16 basic relations is shown in Table 4.
Table 4.  Grouping topological relationships into 
16 basic relations.
Basic topological 
relations Relations' numbers in Figure 10
Disjoint 1
FPRDisjoint 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 19, 28, 34, 42
Inside 24
FRRInside
6, 8, 11, 13, 16, 18, 19, 20, 22, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46, 49
Contains 23
FRRContains
5, 7, 10, 12, 15, 17, 19, 20, 21, 25, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46, 50
Equal 47
FRREqual
6, 8, 11, 13, 16, 18, 19, 20, 22, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
Meet 48
FRRMeet 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 19, 28, 34, 42
Coveredby 49
FRRCoveredby
6, 8, 11, 13, 16, 18, 19, 20, 22, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
Covers 50
FRRCovers
5, 7, 10, 12, 15, 17, 19, 20, 21, 25, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
Overlap 14
FRROverlap
2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 
16, 17, 18, 19, 20, 21, 22, 25, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
In the next section, we will investigate how 
these basic fuzzy spatio-temporal relationships 
can be combined into complex ones.
6. Modeling Complex Topological 
Relationships
In this section, we investigate the modeling 
of complex topological relationships between 
fuzzy spatio-temporal objects based on basic 
topological relationships. Section 6.1 gives the 
formal definition of complex fuzzy spatio-tem-
poral relationships. Section 6.2 elaborates spe- 
cification of those relationships in the aspects 
of definition and graphical representation.
6.1. Formal Definition of Complex 
Topological Relationships
In this section, we define some complex topo-
logical relationships between fuzzy spatio-tem-
poral objects by means of all basic ones pre-
sented in the previous section. In fact, complex 
topological relationships are the dynamic re-
lations. The complex topological relationships 
are the sequences of basic topological relation-
ships which hold during a time interval.
In order to well understand the sequence of 
some basic topological relationships, we first 
consider a simple scenario presented in [37]. 
There are two moving objects which are a mov-
ing airplane and a moving storm. Firstly, the 
moving airplane and the moving storm are dis-
joint over a period of time. Along with their lo-
cations change, the airplane meets the strom at 
some time. Then the airplane enters the storm 
and is inside the storm for a while. Afterward, 
the airplane again meets the border of the storm 
at some time. At last, the airplane and the storm 
are disjoint again. We call the evolution of a 
moving airplane with respect to a moving storm 
during a time interval "a moving airplane crosses 
a moving storm". According to the scenario, we 
can observe that the spatio-temporal relation 
cross can be a sequence of the basic topological 
relations disjoint, meet, inside, meet, and dis-
joint. It is important to note that Martin et al. 
[2] identified so-called instant predicates such 
as equal, meet, covers, and coveredBy which 
hold only at a time point. And those relations 
can only deal with crisp regions, but our work 
focuses on the fuzzy spatio-temporal objects 
such as moving fuzzy point, moving fuzzy line, 
and moving fuzzy region which change over a 
period of time. Hence, generally, in our work, 
all the basic and complex fuzzy spatio-tem- 
poral relationships are used for a time inter-
val. In the following, we give a formal de- 
finition of complex topological relationships 
between fuzzy spatio-temporal objects.
Definition 11 (Complex Topological Relation-
ships). Let α, β ∈{mfpoint, mfline, mfregion} 
be two fuzzy spatio-temporal objects and let I = 
[IS, IE] be a whole time interval containing the 
start time IS and the end time IE; such that I is 
the intersection of the time domain over α and 
β, I = timeDomain (α) ∩ timeDomain (β). Let 
P be a finite set of basic fuzzy spatio-temporal 
relationships defined in Section 5.2, P = {p1, p2, 
..., pn}, n ≥ 2. A complex fuzzy spatio-temporal 
relationship C between α and β is defined as:
def
( ) ( )
( )
1 2 1 2
1 1 2 2
, ,..., ...
, , , ,
... , , .
n n
n n
C t t t I t t t
p t p t
p t
α β α β
α β
= ∃ ∈ ∧ < < <
∧ ∧
∧ ∧
According to the above definition, we can ob-
serve that a complex fuzzy spatio-temporal re-
lation is constructed from basic topological re-
lationship mentioned before. In fact, a complex 
topological relationship is a motion verb which 
represents the change of fuzzy spatio-temporal 
topological relations over a period of time. It 
should be noted that one motion verb can rep-
resent at least two basic fuzzy spatio-temporal 
relations at one specified time. This is the rea-
son why we set n ≥ 2 in the above definition. In 
addition, we can know that sequential compo-
sition satisfies the associativity. As a result, we 
can easily define complex fuzzy spatio-tempo-
ral relations by successively composing some 
simple topological relations we have obtained. 
For example, the complex topological relation 
cross can be composed by the enter and its cor-
responding relation leave. Hence, the above 
definition can also be written in the following 
form.
def
( ) ( )
( )
1 2 1 2
1 1 2 2
, ,..., ...
, , , ,
... , , .
n n
n n
C t t t I t t t
C t C t
C t
α β α β
α β
= ∃ ∈ ∧ < < <
∧ ∧
∧ ∧
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FRROverlap (A, B, t) = ∃ t ∈domain(A) ∩ domain(B): 
¬ Overlap (A, B, t) ˄ ¬ Disjoint (A, B, t) ˄ 
     ¬ Meet (A, B, t) ˄ ¬ Inside (A, B, t) ˄ 
¬ Contains (A, B, t) ˄ ¬ Coveredby (A, B, t) ˄ 
  ¬ Covers (A, B, t) ˄ ¬ Equal (A, B, t).
For two moving fuzzy regions A and B during a 
period of time t, the Disjoint relationship holds 
if all components (including determinate and 
fuzzy parts) are always disjoint with each other. 
In the exclusion of the case of Disjoint, if the 
determinate parts of two objects do not intersect 
and their boundaries also do not intersect, then 
two moving fuzzy regions will be disjoint with 
some possibilities. The Meet relationship de-
scribes the situation that the inner boundaries of 
the two objects intersect, but their determinate 
parts do not intersect and their fuzzy parts do not 
intersect either. The FRRMeet relationship in-
cludes two situations: (i) FRRDisjoint; (ii) in the 
exclusion of the case of Meet, their determinate 
parts do not intersect, but their inner bounda- 
ries intersect. The relationship Inside holds if 
the determinate and fuzzy parts of A are inside 
the determinate of B. The relation FRRInside 
holds if the determinate of A is inside the outer 
boundaries ∂Bf of B, but the inner boundaries 
∂Ad of A do not intersect with the outer bound-
aries ∂Bf of B. The relation Contains is sym-
metric to Inside. Hence, the relations Contains 
and FRRContains are symmetric to Inside and 
FRRContains, respectively.
For two moving fuzzy regions A, B during a pe-
riod of time t, A is definitely covered by B if the 
determinate and fuzzy parts of A are inside the 
determinate part of B and the inner boundaries 
∂Ad of A intersect the inner boundaries ∂Bd of 
B. The FRRCoveredby relation holds if the mo- 
ving fuzzy region A is possibly inside the object 
B and the inner boundaries ∂Ad of A intersect 
the outer boundaries ∂Bf of B in the exclusion 
of the case of Coveredby relation. Since the re-
lation Coveredby is symmetric to Covers, the 
Covers and FRRCovers relations are symmet-
ric to Coveredby and FRRCoveredby, respec-
tively. In addition, for the fuzzy spatio-tempo-
ral objects A and B, if their determinate parts 
are equal and their fuzzy parts are empty, then 
we can say that the two objects are definitely 
equal; if A is possibly inside B in the exclusion 
of the case of Equal, then we can say that the 
objects A and B are equal with some possibili-
ties. The Overlap relation between two moving 
fuzzy regions A and B holds if their determinate 
parts intersect each other and also intersect their 
whole exteriors. The relation of FRROverlap 
describes a situation which excludes 7 definite 
relations mentioned before.
Based on the definition above, the 50 topologi-
cal relations shown in Figure 10 can be grouped 
into 16 basic relations.
The result of grouping these topological rela-
tions into 16 basic relations is shown in Table 4.
Table 4.  Grouping topological relationships into 
16 basic relations.
Basic topological 
relations Relations' numbers in Figure 10
Disjoint 1
FPRDisjoint 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 19, 28, 34, 42
Inside 24
FRRInside
6, 8, 11, 13, 16, 18, 19, 20, 22, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46, 49
Contains 23
FRRContains
5, 7, 10, 12, 15, 17, 19, 20, 21, 25, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46, 50
Equal 47
FRREqual
6, 8, 11, 13, 16, 18, 19, 20, 22, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
Meet 48
FRRMeet 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 19, 28, 34, 42
Coveredby 49
FRRCoveredby
6, 8, 11, 13, 16, 18, 19, 20, 22, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
Covers 50
FRRCovers
5, 7, 10, 12, 15, 17, 19, 20, 21, 25, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
Overlap 14
FRROverlap
2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 
16, 17, 18, 19, 20, 21, 22, 25, 26, 27, 
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 
38, 39, 40, 41, 42, 43, 44, 45, 46
In the next section, we will investigate how 
these basic fuzzy spatio-temporal relationships 
can be combined into complex ones.
6. Modeling Complex Topological 
Relationships
In this section, we investigate the modeling 
of complex topological relationships between 
fuzzy spatio-temporal objects based on basic 
topological relationships. Section 6.1 gives the 
formal definition of complex fuzzy spatio-tem-
poral relationships. Section 6.2 elaborates spe- 
cification of those relationships in the aspects 
of definition and graphical representation.
6.1. Formal Definition of Complex 
Topological Relationships
In this section, we define some complex topo-
logical relationships between fuzzy spatio-tem-
poral objects by means of all basic ones pre-
sented in the previous section. In fact, complex 
topological relationships are the dynamic re-
lations. The complex topological relationships 
are the sequences of basic topological relation-
ships which hold during a time interval.
In order to well understand the sequence of 
some basic topological relationships, we first 
consider a simple scenario presented in [37]. 
There are two moving objects which are a mov-
ing airplane and a moving storm. Firstly, the 
moving airplane and the moving storm are dis-
joint over a period of time. Along with their lo-
cations change, the airplane meets the strom at 
some time. Then the airplane enters the storm 
and is inside the storm for a while. Afterward, 
the airplane again meets the border of the storm 
at some time. At last, the airplane and the storm 
are disjoint again. We call the evolution of a 
moving airplane with respect to a moving storm 
during a time interval "a moving airplane crosses 
a moving storm". According to the scenario, we 
can observe that the spatio-temporal relation 
cross can be a sequence of the basic topological 
relations disjoint, meet, inside, meet, and dis-
joint. It is important to note that Martin et al. 
[2] identified so-called instant predicates such 
as equal, meet, covers, and coveredBy which 
hold only at a time point. And those relations 
can only deal with crisp regions, but our work 
focuses on the fuzzy spatio-temporal objects 
such as moving fuzzy point, moving fuzzy line, 
and moving fuzzy region which change over a 
period of time. Hence, generally, in our work, 
all the basic and complex fuzzy spatio-tem- 
poral relationships are used for a time inter-
val. In the following, we give a formal de- 
finition of complex topological relationships 
between fuzzy spatio-temporal objects.
Definition 11 (Complex Topological Relation-
ships). Let α, β ∈{mfpoint, mfline, mfregion} 
be two fuzzy spatio-temporal objects and let I = 
[IS, IE] be a whole time interval containing the 
start time IS and the end time IE; such that I is 
the intersection of the time domain over α and 
β, I = timeDomain (α) ∩ timeDomain (β). Let 
P be a finite set of basic fuzzy spatio-temporal 
relationships defined in Section 5.2, P = {p1, p2, 
..., pn}, n ≥ 2. A complex fuzzy spatio-temporal 
relationship C between α and β is defined as:
def
( ) ( )
( )
1 2 1 2
1 1 2 2
, ,..., ...
, , , ,
... , , .
n n
n n
C t t t I t t t
p t p t
p t
α β α β
α β
= ∃ ∈ ∧ < < <
∧ ∧
∧ ∧
According to the above definition, we can ob-
serve that a complex fuzzy spatio-temporal re-
lation is constructed from basic topological re-
lationship mentioned before. In fact, a complex 
topological relationship is a motion verb which 
represents the change of fuzzy spatio-temporal 
topological relations over a period of time. It 
should be noted that one motion verb can rep-
resent at least two basic fuzzy spatio-temporal 
relations at one specified time. This is the rea-
son why we set n ≥ 2 in the above definition. In 
addition, we can know that sequential compo-
sition satisfies the associativity. As a result, we 
can easily define complex fuzzy spatio-tempo-
ral relations by successively composing some 
simple topological relations we have obtained. 
For example, the complex topological relation 
cross can be composed by the enter and its cor-
responding relation leave. Hence, the above 
definition can also be written in the following 
form.
def
( ) ( )
( )
1 2 1 2
1 1 2 2
, ,..., ...
, , , ,
... , , .
n n
n n
C t t t I t t t
C t C t
C t
α β α β
α β
= ∃ ∈ ∧ < < <
∧ ∧
∧ ∧
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Here, C1, C2, ..., Cn denote the simple topologi-
cal relations we have obtained.
For the two forms, we can observe that either 
basic fuzzy spatio-temporal relation or simple 
relation hold before or after another relation. In 
other words, basic or simple fuzzy spatio-tem-
poral relations start or end with another ones. 
For example, in the first form, the relation p2 
(during the time t2) holds after the end of p1 
(during the time t1); in the second form, the 
relation C1 (during the time t1) ends with C2 
(during the time t2). As we have mentioned, the 
temporal interval comprises many basic tempo-
ral intervals of basic fuzzy spatio-temporal re-
lations. The start is the beginning of first basic 
fuzzy spatio-temporal relation, and the end is 
the end of the last relation. Hence, we can de-
fine a temporal composition to combine basic 
or simple fuzzy spatio-temporal relations.
Definition 12 (Temporal Composition). Let α, 
β be two fuzzy spatio-temporal objects. Let P 
and Q be basic or simple fuzzy spatio-temporal 
relations, and let the symbol of  be the tempo-
ral composition operator. Then,
def
( ) ( )
1 2 1 2
1 2
, :
, , , ,
P C t t I t t
P t Q tα β α β
= ∃ ∈ ∧ <
∧

The definition describes temporal compositions 
of basic fuzzy spatio-temporal relations which 
are denoted by the operator . The aim of the 
temporal composition is to represent evolution 
of fuzzy spatio-temporal objects concisely. The 
operator can make full use of the definitions of 
basic relations mentioned above to denote the 
evolution. On the other hand, the definition is 
conducive to establishing alternating sequences 
of fuzzy spatio-temporal relations. Notice that, 
temporal compositions can only hold if there 
are at least two fuzzy spatio-temporal relations 
or alternating sequences. For instance, consider 
two moving fuzzy points o1 and o2. We can de-
scribe a sequence of basic fuzzy spatio-tempo-
ral relations during some time interval I:
Disjoint Meet Disjoint. 
In the next section, we will be in accordance 
with the three cases to define the complex fuzzy 
spatio-temporal relation specifications in detail. 
Due to the lack of space, we only give limited 
geometric representations of fuzzy spatio-tem-
poral topological relationships.
6.2. Modeling of Complex Topological 
Relationships
1. In the case of mfpoint/mfpoint.
As mentioned in Section 5.2, we have obtained 
three basic topological relations, such as Dis-
joint, Meet and FPPMeet. Figure 11 shows the 
evolution of those 3 basic relations.
According to the figure above, we can obtain 
2 possible development paths, from Disjoint to 
Meet to Disjoint, and Disjoint to FPPMeet to 
Disjoint. As a result, we define two new vocab-
ularies to represent those two paths. Formally 
(α and β denote two moving fuzzy points):
Encounter (α, β, I) = Disjoint  Meet  Disjoint. 
FPPEncounter (α, β, I) 
                                      = Disjoint  FPPMeet  Disjoint.
For example, we give graphical representations 
of Encounter evolution between two moving 
fuzzy points, as shown in Figure 12. From the 
figure, we can observe that the relation between 
two moving fuzzy points remains Encounter 
from t1 to t4. More precisely, from t1 to t2, the 
relation is Disjoint; from t2 to t3, the relation 
is FPPMeet; from t3 to t4, the relation is Dis-
joint; thus, from t1 to t4, the new relation is de-
fined as Encounter. For the reason of space, the 
graphical representation of FPPEncounter is 
not given.
2. In the case of mfpoint/mfregion.
In the case of mfpoint/mfregion, there are 8 new 
complex relationships to be defined as follows:
Touch (α, β, I) = Disjoint  FPRDisjoint  Meet 
                        FPRDisjoint  Disjoint. 
FPRTouch (α, β, I) = Disjoint  FPRMeet 
                                 Disjoint. 
Enter (α, β, I) = Disjoint  FPRDisjoint  Meet 
                       FPRInside  Inside. 
FPREnter (α, β, I) = Disjoint  FPRDisjoint 
                                Meet  FPRInside. 
Leave (α, β, I) = Inside  FPRInside  Meet 
                        FPRMeet  Disjoint. 
FPRLeave (α, β, I) = Inside  FPRInside  Meet 
                               FPRMeet  FPRDisjoint. 
Cross (α, β, I) = Enter  Leave, 
FPRCross (α, β, I) = Enter  Leave.
For example, we give graphical representations 
of FPREnter evolution between a moving fuzzy 
point to a moving fuzzy region, as shown in 
Figure 13. From the figure, we can observe that 
the development of a moving fuzzy point and a 
moving fuzzy region includes four states, Dis-
joint, FPRDisjoint, Meet, and FPRInside. As 
a result, the whole evolution of them remains 
FPREnter during the time interval [t1, t4]. Due 
to the lack of space, the graphical representa-
tions of other fuzzy spatio-temporal relations 
are not given, which are similar to the case of 
the predicate FPREnter.
3. In the case of mfregion/mfregion.
In the case of mfregion/mfregion, there are 16 
kinds of complex topological relations to be de-
fined as follows:
Touch (α, β, I) = Disjoint  FPRDisjoint  Meet 
                        FPRDisjoint  Disjoint. 
FPRTouch (α, β, I) = Disjoint  FPRMeet 
                                 Disjoint. 
Into (α, β, I) = Meet  Overlap 
                       FRRCoveredBy  CoveredBy. 
FRRInto (α, β, I) = Meet  Overlap 
                             FRRCoveredBy. 
OutOf (α, β, I) = CoveredBy  FRRCoveredBy 
                         Overlap  Meet. 
FRROutOf (α, β, I) = CoveredBy  FRRCoveredBy 
                              Overlap  FRRMeet. 
Enter (α, β, I) = Disjoint  FRRDisjoint  Into 
                       FRRInside  Inside. 
FRREnter (α, β, I) = Disjoint  FRRDisjoint 
                                Into  FRRInside. 
Leave (α, β, I) = Inside  FRRInside  OutOf 
                        FRRDisjoint  Disjoint. 
FRRLeave (α, β, I) = Inside  FRRInside 
                                OutOf  FRRDisjoint. 
Cross (α, β, I) = Enter  Leave, 
FRRCross (α, β, I) = Enter  FRRLeave. 
Melt (α, β, I) = Disjoint  FRRDisjoint  Meet 
                      Overlap  FRREqual  Equal. 
FRRMelt (α, β, I) = Disjoint  FRRDisjoint  Meet 
                           Overlap  FRREqual. 
Separate (α, β, I) = Equal  FRREqual 
                             Overlap  Meet 
                             FRRDisjoint  Disjoint. 
FRRSeparate (α, β, I) = Equal  FRREqual 
                                     Overlap  Meet 
                                     FRRDisjoint.
Figure 11. The evolution of 3 basic relations 
in the case of mfpoint/mfpoint.
Figure 12. An illustration of Encounter evolution.
Figure 13. An illustration of FPREnter evolution.
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Here, C1, C2, ..., Cn denote the simple topologi-
cal relations we have obtained.
For the two forms, we can observe that either 
basic fuzzy spatio-temporal relation or simple 
relation hold before or after another relation. In 
other words, basic or simple fuzzy spatio-tem-
poral relations start or end with another ones. 
For example, in the first form, the relation p2 
(during the time t2) holds after the end of p1 
(during the time t1); in the second form, the 
relation C1 (during the time t1) ends with C2 
(during the time t2). As we have mentioned, the 
temporal interval comprises many basic tempo-
ral intervals of basic fuzzy spatio-temporal re-
lations. The start is the beginning of first basic 
fuzzy spatio-temporal relation, and the end is 
the end of the last relation. Hence, we can de-
fine a temporal composition to combine basic 
or simple fuzzy spatio-temporal relations.
Definition 12 (Temporal Composition). Let α, 
β be two fuzzy spatio-temporal objects. Let P 
and Q be basic or simple fuzzy spatio-temporal 
relations, and let the symbol of  be the tempo-
ral composition operator. Then,
def
( ) ( )
1 2 1 2
1 2
, :
, , , ,
P C t t I t t
P t Q tα β α β
= ∃ ∈ ∧ <
∧

The definition describes temporal compositions 
of basic fuzzy spatio-temporal relations which 
are denoted by the operator . The aim of the 
temporal composition is to represent evolution 
of fuzzy spatio-temporal objects concisely. The 
operator can make full use of the definitions of 
basic relations mentioned above to denote the 
evolution. On the other hand, the definition is 
conducive to establishing alternating sequences 
of fuzzy spatio-temporal relations. Notice that, 
temporal compositions can only hold if there 
are at least two fuzzy spatio-temporal relations 
or alternating sequences. For instance, consider 
two moving fuzzy points o1 and o2. We can de-
scribe a sequence of basic fuzzy spatio-tempo-
ral relations during some time interval I:
Disjoint Meet Disjoint. 
In the next section, we will be in accordance 
with the three cases to define the complex fuzzy 
spatio-temporal relation specifications in detail. 
Due to the lack of space, we only give limited 
geometric representations of fuzzy spatio-tem-
poral topological relationships.
6.2. Modeling of Complex Topological 
Relationships
1. In the case of mfpoint/mfpoint.
As mentioned in Section 5.2, we have obtained 
three basic topological relations, such as Dis-
joint, Meet and FPPMeet. Figure 11 shows the 
evolution of those 3 basic relations.
According to the figure above, we can obtain 
2 possible development paths, from Disjoint to 
Meet to Disjoint, and Disjoint to FPPMeet to 
Disjoint. As a result, we define two new vocab-
ularies to represent those two paths. Formally 
(α and β denote two moving fuzzy points):
Encounter (α, β, I) = Disjoint  Meet  Disjoint. 
FPPEncounter (α, β, I) 
                                      = Disjoint  FPPMeet  Disjoint.
For example, we give graphical representations 
of Encounter evolution between two moving 
fuzzy points, as shown in Figure 12. From the 
figure, we can observe that the relation between 
two moving fuzzy points remains Encounter 
from t1 to t4. More precisely, from t1 to t2, the 
relation is Disjoint; from t2 to t3, the relation 
is FPPMeet; from t3 to t4, the relation is Dis-
joint; thus, from t1 to t4, the new relation is de-
fined as Encounter. For the reason of space, the 
graphical representation of FPPEncounter is 
not given.
2. In the case of mfpoint/mfregion.
In the case of mfpoint/mfregion, there are 8 new 
complex relationships to be defined as follows:
Touch (α, β, I) = Disjoint  FPRDisjoint  Meet 
                        FPRDisjoint  Disjoint. 
FPRTouch (α, β, I) = Disjoint  FPRMeet 
                                 Disjoint. 
Enter (α, β, I) = Disjoint  FPRDisjoint  Meet 
                       FPRInside  Inside. 
FPREnter (α, β, I) = Disjoint  FPRDisjoint 
                                Meet  FPRInside. 
Leave (α, β, I) = Inside  FPRInside  Meet 
                        FPRMeet  Disjoint. 
FPRLeave (α, β, I) = Inside  FPRInside  Meet 
                               FPRMeet  FPRDisjoint. 
Cross (α, β, I) = Enter  Leave, 
FPRCross (α, β, I) = Enter  Leave.
For example, we give graphical representations 
of FPREnter evolution between a moving fuzzy 
point to a moving fuzzy region, as shown in 
Figure 13. From the figure, we can observe that 
the development of a moving fuzzy point and a 
moving fuzzy region includes four states, Dis-
joint, FPRDisjoint, Meet, and FPRInside. As 
a result, the whole evolution of them remains 
FPREnter during the time interval [t1, t4]. Due 
to the lack of space, the graphical representa-
tions of other fuzzy spatio-temporal relations 
are not given, which are similar to the case of 
the predicate FPREnter.
3. In the case of mfregion/mfregion.
In the case of mfregion/mfregion, there are 16 
kinds of complex topological relations to be de-
fined as follows:
Touch (α, β, I) = Disjoint  FPRDisjoint  Meet 
                        FPRDisjoint  Disjoint. 
FPRTouch (α, β, I) = Disjoint  FPRMeet 
                                 Disjoint. 
Into (α, β, I) = Meet  Overlap 
                       FRRCoveredBy  CoveredBy. 
FRRInto (α, β, I) = Meet  Overlap 
                             FRRCoveredBy. 
OutOf (α, β, I) = CoveredBy  FRRCoveredBy 
                         Overlap  Meet. 
FRROutOf (α, β, I) = CoveredBy  FRRCoveredBy 
                              Overlap  FRRMeet. 
Enter (α, β, I) = Disjoint  FRRDisjoint  Into 
                       FRRInside  Inside. 
FRREnter (α, β, I) = Disjoint  FRRDisjoint 
                                Into  FRRInside. 
Leave (α, β, I) = Inside  FRRInside  OutOf 
                        FRRDisjoint  Disjoint. 
FRRLeave (α, β, I) = Inside  FRRInside 
                                OutOf  FRRDisjoint. 
Cross (α, β, I) = Enter  Leave, 
FRRCross (α, β, I) = Enter  FRRLeave. 
Melt (α, β, I) = Disjoint  FRRDisjoint  Meet 
                      Overlap  FRREqual  Equal. 
FRRMelt (α, β, I) = Disjoint  FRRDisjoint  Meet 
                           Overlap  FRREqual. 
Separate (α, β, I) = Equal  FRREqual 
                             Overlap  Meet 
                             FRRDisjoint  Disjoint. 
FRRSeparate (α, β, I) = Equal  FRREqual 
                                     Overlap  Meet 
                                     FRRDisjoint.
Figure 11. The evolution of 3 basic relations 
in the case of mfpoint/mfpoint.
Figure 12. An illustration of Encounter evolution.
Figure 13. An illustration of FPREnter evolution.
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For example, Figure 14 gives an illustration of 
Into evolution between two moving fuzzy re-
gions. Due to the lack of space, the other rela-
tions in the case of mfregion/mfregion are not 
given.
Up to now, we have constructed a model of 
complex topological relationships between 
fuzzy spatio-tempral objects. In the next sec-
tion, we will use these topological relationships 
to query fuzzy spatio-temporal information in 
the context of spatio-temporal database.
7. Fuzzy Spatio-Temporal Queries
In this section, we discuss how to use basic and 
complex topological relationships we have de-
fined in sections 5 and 6 to achieve fuzzy spa-
tio-temporal queries.
Querying fuzzy spatio-temporal objects through 
topological relationships is one of the basic tasks 
in spatio-temporal databases or GIS. Currently, 
the existing database query languages such as 
SQL cannot answer fuzzy spatio-temporal que-
ries because they cannot support fuzzy spa- 
tio-temporal query operators. Our proposed 
model can well address the problem of fuzzy 
spatio-temporal queries. More precisely, we use 
the basic and complex topological relationships 
as fuzzy spatio-temporal query operators. This 
is the first step. We integrate these operators 
into spatio-temporal database and query lan-
guage. This is the second step.
Now, we illustrate fuzzy spatio-temporal que-
ries according to the following three cases. For 
each case, we give an application scenario.
1. In the case of mfpoint/mfpoint.
In this case, we consider an application of mul-
timedia video. It focuses on complex topolo- 
gical relationships between two moving fuzzy 
points. Assume that persons have the following 
relation schema:
Persons (id: integer, name: string, trajectory: 
mfpoint)
Now, we consider a fuzzy spatio-temporal query 
problem: Find all persons that may become the 
witnesses of criminal Tom during the time in-
terval [2:00am, 5:00am]. A fuzzy spatio-tem- 
poral query can be expressed as follows:
SELECT p1. id 
FROM persons p1, person p2 
WHERE FPPEncounter (p1. trajectory, p2. 
trajectory, 2:00:00, 5:00:00) AND p2. Name 
= 'Tom'.
The query demonstrates the use of topologi-
cal relation FPPEncounter and retrieves some 
moving fuzzy points which may become the 
witnesses of criminal Tom during the time in-
terval [2:00am, 5:00am]. In fact, the complex 
relation FPPEncounter corresponds to a degree 
of membership with [0, 1).
2. In the case of mfpoint/mfregion.
In this case, we consider an application of mar-
itime traffic. It focuses on complex topological 
relationships between a moving fuzzy point and 
a moving fuzzy region. There are a lot of ships 
which are waiting in the queue for crossing 
Qiongzhou Strait every day. Here, the sailing 
ships can be considered as moving fuzzy points 
since their positions may change from time to 
time, and Qiongzhou Strait can be considered 
as fuzzy region since its boundaries are fuzzy. 
It should be noted that fuzzy region is a special 
case of moving fuzzy region because the loca-
tions of fuzzy region cannot change over time. 
Assume that ships and straits have the follow-
ing relation schemas:
Ships (id: string, trajectory: mfpoint) 
Straits (id: string, name: string, area: fregion)
Now, we give a fuzzy spatio-temporal query 
problem: Find all ships that may have crossed 
the Qiongzhou Strait from 2015-05-12 08:00 
am to 2015-05-13 08:00 am. From the query 
problem, it is not hard to see that we need inte-
grate complex fuzzy spatio-temporal relation-
ship (operator) FPRCross into query language. 
Next, we give a fuzzy spatio-temproal query 
expressed in an SQL-like query language.
SELECT Ships. id 
FROM Ships, Straits 
WHERE FPRCross (Ships. trajectory, Straits. 
area, 2015-05-12 08:00:00, 2015-05-13 
08:00:00) AND Straits. name = "Qiongzhou 
Strait".
The query demonstrates the use of complex to-
pological relationship FPRCross and retrieves 
some moving fuzzy points which have possibly 
crossed the Qiongzhou Strait from 2015-05-12 
08:00 am to 2015-05-13 08:00 am. 
We consider a fuzzy spatio-temoral query 
problem: Find all ships that have entered the 
Qiongzhou Strait from 2015-05-14 08:00 am to 
2015-05-14 09:00 am. Similar to the previous 
problem, the query can be expressed as follows:
SELECT Ships. id 
FROM Ships, Straits 
WHERE Enter (Ships. trajectory, Straits. area, 
2015-05-14 08:00:00, 2015-05-14 09:00:00) 
AND Straits. name = "Qiongzhou Strait".
The query demonstrates the use of complex to-
pological relationship Enter and retrieves some 
moving fuzzy points which have entered the 
Qiongzhou Strait from 2015-05-14 08:00:00 to 
2015-05-14 09:00:00.
3. In the case of mfregion/mfregion.
In this case, we consider a scenario about an ap-
plication of meteorology. It focuses on complex 
topological relationships between two moving 
fuzzy regions. 
We assume that hurricanes are moving fuzzy 
regions since their locations can change over 
time and their borders are fuzzy. We assume that 
hurricanes have the following relation schema:
Hurricanes (id: string, name: string, trajecto- 
ry: mfregion)
Figure 14. An illustration of Into evolution.
Now, we give a fuzzy spatio-temporal query 
problem: Find all hurricanes that have definitely 
melted the Meari hurricane from 2011-06-24 
24:00 to 2011-06-27 24:00. According to the 
definition of complex topological relations be-
tween two moving fuzzy regions in Section 6.2, 
we choose Melt to query the problem. Next, we 
give a fuzzy spatio-temporal query expressed in 
an SQL-like query language.
SELECT h1. name 
FROM Hurricanes h1, Hurricanes h2 
WHERE Melt (h1. trajectory, h2. trajectory, 
2011-06-24 24:00:00, 2011-06-27 24:00:00) 
AND h2. name = "Meari".
The query demonstrates the use of topological 
relation Melt and retrieves some moving fuzzy 
regions which definitely melted the Meari hur-
ricane from 2011-06-24 24:00 to 2011-06-27 
24:00. In fact, the complex relation Melt corre-
sponds to a degree of membership 1.
Consider a fuzzy spaito-temoral query prob-
lem: Find all hurricanes that have possibly 
leaved the Meari hurricane from 2011-06-24 
24:00 to 2011-06-27 24:00. Similar to the pre-
vious problem, the query can be expressed as 
follows:
SELECT h1. name 
FROM Hurricanes h1, Hurricanes h2 
WHERE FRRLeave (h1. trajectory, h2. 
trajectory, 2011-06-24 24:00:00, 2011-06-27 
24:00:00) AND h2. name = "Meari".
As a result, the query can get all hurricanes 
identifiers that have fuzzy spatio-temporal to-
pological relation FRRLeave with Meari hur-
ricane from 2011-06-24 24:00 to 2011-06-27 
24:00.
8. Conclusion and Future Work
In this paper, we present the results of a model-
ing study on topological relationships between 
moving fuzzy point to moving fuzzy point, 
moving fuzzy point to moving fuzzy region, 
and moving fuzzy region to moving fuzzy re-
gion. Firstly, based on fuzzy spatial data types, 
we define fuzzy spatio-temporal objects as mov-
ing fuzzy points, moving fuzzy lines, and moving 
fuzzy regions in three-dimensional space. Sec-
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For example, Figure 14 gives an illustration of 
Into evolution between two moving fuzzy re-
gions. Due to the lack of space, the other rela-
tions in the case of mfregion/mfregion are not 
given.
Up to now, we have constructed a model of 
complex topological relationships between 
fuzzy spatio-tempral objects. In the next sec-
tion, we will use these topological relationships 
to query fuzzy spatio-temporal information in 
the context of spatio-temporal database.
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In this section, we discuss how to use basic and 
complex topological relationships we have de-
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tio-temporal queries.
Querying fuzzy spatio-temporal objects through 
topological relationships is one of the basic tasks 
in spatio-temporal databases or GIS. Currently, 
the existing database query languages such as 
SQL cannot answer fuzzy spatio-temporal que-
ries because they cannot support fuzzy spa- 
tio-temporal query operators. Our proposed 
model can well address the problem of fuzzy 
spatio-temporal queries. More precisely, we use 
the basic and complex topological relationships 
as fuzzy spatio-temporal query operators. This 
is the first step. We integrate these operators 
into spatio-temporal database and query lan-
guage. This is the second step.
Now, we illustrate fuzzy spatio-temporal que-
ries according to the following three cases. For 
each case, we give an application scenario.
1. In the case of mfpoint/mfpoint.
In this case, we consider an application of mul-
timedia video. It focuses on complex topolo- 
gical relationships between two moving fuzzy 
points. Assume that persons have the following 
relation schema:
Persons (id: integer, name: string, trajectory: 
mfpoint)
Now, we consider a fuzzy spatio-temporal query 
problem: Find all persons that may become the 
witnesses of criminal Tom during the time in-
terval [2:00am, 5:00am]. A fuzzy spatio-tem- 
poral query can be expressed as follows:
SELECT p1. id 
FROM persons p1, person p2 
WHERE FPPEncounter (p1. trajectory, p2. 
trajectory, 2:00:00, 5:00:00) AND p2. Name 
= 'Tom'.
The query demonstrates the use of topologi-
cal relation FPPEncounter and retrieves some 
moving fuzzy points which may become the 
witnesses of criminal Tom during the time in-
terval [2:00am, 5:00am]. In fact, the complex 
relation FPPEncounter corresponds to a degree 
of membership with [0, 1).
2. In the case of mfpoint/mfregion.
In this case, we consider an application of mar-
itime traffic. It focuses on complex topological 
relationships between a moving fuzzy point and 
a moving fuzzy region. There are a lot of ships 
which are waiting in the queue for crossing 
Qiongzhou Strait every day. Here, the sailing 
ships can be considered as moving fuzzy points 
since their positions may change from time to 
time, and Qiongzhou Strait can be considered 
as fuzzy region since its boundaries are fuzzy. 
It should be noted that fuzzy region is a special 
case of moving fuzzy region because the loca-
tions of fuzzy region cannot change over time. 
Assume that ships and straits have the follow-
ing relation schemas:
Ships (id: string, trajectory: mfpoint) 
Straits (id: string, name: string, area: fregion)
Now, we give a fuzzy spatio-temporal query 
problem: Find all ships that may have crossed 
the Qiongzhou Strait from 2015-05-12 08:00 
am to 2015-05-13 08:00 am. From the query 
problem, it is not hard to see that we need inte-
grate complex fuzzy spatio-temporal relation-
ship (operator) FPRCross into query language. 
Next, we give a fuzzy spatio-temproal query 
expressed in an SQL-like query language.
SELECT Ships. id 
FROM Ships, Straits 
WHERE FPRCross (Ships. trajectory, Straits. 
area, 2015-05-12 08:00:00, 2015-05-13 
08:00:00) AND Straits. name = "Qiongzhou 
Strait".
The query demonstrates the use of complex to-
pological relationship FPRCross and retrieves 
some moving fuzzy points which have possibly 
crossed the Qiongzhou Strait from 2015-05-12 
08:00 am to 2015-05-13 08:00 am. 
We consider a fuzzy spatio-temoral query 
problem: Find all ships that have entered the 
Qiongzhou Strait from 2015-05-14 08:00 am to 
2015-05-14 09:00 am. Similar to the previous 
problem, the query can be expressed as follows:
SELECT Ships. id 
FROM Ships, Straits 
WHERE Enter (Ships. trajectory, Straits. area, 
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AND Straits. name = "Qiongzhou Strait".
The query demonstrates the use of complex to-
pological relationship Enter and retrieves some 
moving fuzzy points which have entered the 
Qiongzhou Strait from 2015-05-14 08:00:00 to 
2015-05-14 09:00:00.
3. In the case of mfregion/mfregion.
In this case, we consider a scenario about an ap-
plication of meteorology. It focuses on complex 
topological relationships between two moving 
fuzzy regions. 
We assume that hurricanes are moving fuzzy 
regions since their locations can change over 
time and their borders are fuzzy. We assume that 
hurricanes have the following relation schema:
Hurricanes (id: string, name: string, trajecto- 
ry: mfregion)
Figure 14. An illustration of Into evolution.
Now, we give a fuzzy spatio-temporal query 
problem: Find all hurricanes that have definitely 
melted the Meari hurricane from 2011-06-24 
24:00 to 2011-06-27 24:00. According to the 
definition of complex topological relations be-
tween two moving fuzzy regions in Section 6.2, 
we choose Melt to query the problem. Next, we 
give a fuzzy spatio-temporal query expressed in 
an SQL-like query language.
SELECT h1. name 
FROM Hurricanes h1, Hurricanes h2 
WHERE Melt (h1. trajectory, h2. trajectory, 
2011-06-24 24:00:00, 2011-06-27 24:00:00) 
AND h2. name = "Meari".
The query demonstrates the use of topological 
relation Melt and retrieves some moving fuzzy 
regions which definitely melted the Meari hur-
ricane from 2011-06-24 24:00 to 2011-06-27 
24:00. In fact, the complex relation Melt corre-
sponds to a degree of membership 1.
Consider a fuzzy spaito-temoral query prob-
lem: Find all hurricanes that have possibly 
leaved the Meari hurricane from 2011-06-24 
24:00 to 2011-06-27 24:00. Similar to the pre-
vious problem, the query can be expressed as 
follows:
SELECT h1. name 
FROM Hurricanes h1, Hurricanes h2 
WHERE FRRLeave (h1. trajectory, h2. 
trajectory, 2011-06-24 24:00:00, 2011-06-27 
24:00:00) AND h2. name = "Meari".
As a result, the query can get all hurricanes 
identifiers that have fuzzy spatio-temporal to-
pological relation FRRLeave with Meari hur-
ricane from 2011-06-24 24:00 to 2011-06-27 
24:00.
8. Conclusion and Future Work
In this paper, we present the results of a model-
ing study on topological relationships between 
moving fuzzy point to moving fuzzy point, 
moving fuzzy point to moving fuzzy region, 
and moving fuzzy region to moving fuzzy re-
gion. Firstly, based on fuzzy spatial data types, 
we define fuzzy spatio-temporal objects as mov-
ing fuzzy points, moving fuzzy lines, and moving 
fuzzy regions in three-dimensional space. Sec-
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ondly, based on the 9-intersection model, we 
further model fuzzy spatio-temporal topologi-
cal relations between two fuzzy spatio-tempo-
ral objects. By eliminating those relations that 
are not realized, we can identify a total of 3 to-
pological relations between two moving fuzzy 
points, 6 topological relations between a mov-
ing fuzzy point to a moving fuzzy region, and 
50 topological relations between two moving 
fuzzy regions. For each topological relation-
ship, the corresponding graphical representa-
tion and the intersection matrix are also given. 
Moreover, we define 4 basic relations between 
two moving fuzzy points, 6 basic relations be-
tween moving fuzzy point to moving fuzzy re-
gion, and 16 basic relations between two mov-
ing fuzzy regions. We also group topological 
relationships identified into basic relations. In 
order to describe the evolutions of basic topo-
logical relations between fuzzy spatio-temporal 
objects over time, we give a model of complex 
spatio-temporal relationships based on basic 
topological relations. Concretely speaking, 
complex fuzzy spatio-temproal relations are the 
sequences of basic topological relations, which 
hold at the beginning and end of temporal inter-
val. As a result, we define one complex relation 
between two moving fuzzy points, 8 complex 
relations between moving fuzzy point to mov-
ing fuzzy region, and 16 complex relations be-
tween two moving fuzzy regions. Finally, we 
give a series of application examples to demon-
strate fuzzy spatio-temporal queries.
In the future, we will address an experiment 
to illustrate the effectiveness and efficiency of 
the proposed method for fuzzy spatio-tempo-
ral query and conduct experiment over a real 
data set in terms of usefulness, effectiveness 
and efficiency. Our proposed model focuses on 
temporal change of fuzzy spatial objects and 
evolution of spatial topological relations. The 
existing model implementation for fuzzy/vague 
spatial objects, such as [38], cannot be applied 
directly to our model. Thus, in the future, we 
will implement our proposed model in GIS spa-
tio-temporal database.
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ondly, based on the 9-intersection model, we 
further model fuzzy spatio-temporal topologi-
cal relations between two fuzzy spatio-tempo-
ral objects. By eliminating those relations that 
are not realized, we can identify a total of 3 to-
pological relations between two moving fuzzy 
points, 6 topological relations between a mov-
ing fuzzy point to a moving fuzzy region, and 
50 topological relations between two moving 
fuzzy regions. For each topological relation-
ship, the corresponding graphical representa-
tion and the intersection matrix are also given. 
Moreover, we define 4 basic relations between 
two moving fuzzy points, 6 basic relations be-
tween moving fuzzy point to moving fuzzy re-
gion, and 16 basic relations between two mov-
ing fuzzy regions. We also group topological 
relationships identified into basic relations. In 
order to describe the evolutions of basic topo-
logical relations between fuzzy spatio-temporal 
objects over time, we give a model of complex 
spatio-temporal relationships based on basic 
topological relations. Concretely speaking, 
complex fuzzy spatio-temproal relations are the 
sequences of basic topological relations, which 
hold at the beginning and end of temporal inter-
val. As a result, we define one complex relation 
between two moving fuzzy points, 8 complex 
relations between moving fuzzy point to mov-
ing fuzzy region, and 16 complex relations be-
tween two moving fuzzy regions. Finally, we 
give a series of application examples to demon-
strate fuzzy spatio-temporal queries.
In the future, we will address an experiment 
to illustrate the effectiveness and efficiency of 
the proposed method for fuzzy spatio-tempo-
ral query and conduct experiment over a real 
data set in terms of usefulness, effectiveness 
and efficiency. Our proposed model focuses on 
temporal change of fuzzy spatial objects and 
evolution of spatial topological relations. The 
existing model implementation for fuzzy/vague 
spatial objects, such as [38], cannot be applied 
directly to our model. Thus, in the future, we 
will implement our proposed model in GIS spa-
tio-temporal database.
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